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Abstract 

In this paper, we study the existence of random periodic solutions for semilinear stochas¬ 
tic differential equations. We identify them as solutions of coupled forward-backward infinite 
horizon stochastic integral equations (IHSIEs), using the ’’substitution theorem” of stochastic 
differential equations with anticipating initial conditions. In general, random periodic solu¬ 
tions and the solutions of IHSIEs, are anticipating. For the linear noise case, with the help 
of the exponential dichotomy given in the multiplicative ergodic theorem, we can identify 
them as the solutions of infinite horizon random integral equations (IHSIEs). We then solve 
a localised forward-backward IHRIE in C(R, Lf oc (fl)) using an argument of truncations, the 
Malliavin calculus, the relative compactness of Wiener-Sobolev spaces in C([0, T], L 2 (ff)) and 
Schauder’s fixed point theorem. We finally measurably glue the local solutions together to 
obtain a global solution in (7(11, L 2 (H)). Thus we obtain the existence of a random periodic 
solution and a periodic measure. 

Keywords: random periodic solutions, periodic measures, semilinear stochastic differen¬ 
tial equations, relative compactness, Malliavin derivative, infinite horizon stochastic integral 
equations, exponential dichotomy. 


1 Introduction 

Many real world phenomena having the nature of mixing periodicity and randomness, e.g., 
change of temperatures on earth and seasonal economic data (HZ!)- Physicists have attempted 
to study random perturbations to periodic solutions for some time. They used first linear ap¬ 
proximations or asymptotic expansions in small noise regime, e.g. see mm- The approach 
in m was to seek Y(t + t,u>) returning to a neighbourhood of Y(t,oj) for each noise realisa¬ 
tion, where r > 0 is a fixed number. This reveals certain information about the ’’periodicity” 
under small noise perturbations. Efforts were also made in the mathematics community to seek 
a periodic solution Y such that Y(0,w) = Y(t,oj) = Y(2t,lu) = ■■■ ([7),[25]). However, this 
kind of strict periodicity exists only in very special situations in stochastic contexts. In general, 
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random perturbations to a periodic solution break the strict periodicity immediately, similar to 
the case that random perturbations break fixed points. The concept of stationary solutions is 
the corresponding notion of fixed points in the stochastic counterpart and has been subject to 
intensive study in mathematics literature mmmm)- One of the obstacles to make a sys¬ 
tematic progress in the study of the random periodicity was the lack of a rigorous mathematical 
definition in a great generality and appropriate mathematical tools. 


Recently random periodic solutions has been defined with a help of an observation that they 
may be regarded as stationary solutions on sequences of fixed discrete times of equal length of 
one period. The existence was studied for cocycles in [33] using a qualitative method, and for 
stochastic semiflows in [13]. [14] using some analysis tools. There have been some more recent 
results including [8] on random attractors of the stochastic TJ model in climate dynamics, [30] on 
bifurcations of stochastic reaction diffusion equations and [5] on stochastic lattice systems. It was 
recently proved in m that random periodic solutions and periodic measures are ’’equivalent” in 
the following sense. A random periodic solution gives rise to a periodic measure. Conversely from 
a periodic measure one can construct a random periodic process on an enlarged probability space, 
of which the law is the periodic measure. It was then proved that the strong law of large numbers 
(SLLN) holds for periodic measures and corresponding random periodic processes thus it gives a 
statistical description. There are numerous physically relevant stochastic differential equations 


satisfying the conditions in this paper so they have random periodic solutions (Theorems 4.9 


4.11, 5.2). 


First, recall the definition of the random periodic solutions for stochastic semi-flows given 
in [T3]- Let X be a separable Banach space. Denote by (fl, F, P, (0(,s)) se R) a metric dynamical 
system, where 8(s) : 0 —>• O is assumed to be P-preserving and measurably invertible for all 
s E M, A := {(i, s) E M 2 ,s < t}. Consider a stochastic semi-flow u : A x 11 X I -> I, which 
satisfies the following standard condition 


u(t, r, uj) = u(t, s, u) o u(s, r, u), for all r < s < t, r,s,t€ M, for a.e. wGll. (1-1) 

We do not assume the map u(t,s, u) : X X to be invertible for (t, s) E A, w £ 11 in the 
following definition. 

Definition 1.1. A random periodic path of period r of the semi-flow u : A x 12 x X — > X is an 
T-measurable map Y : M x 12 —> such that 


u(t, s, Y(s, lo),uj) 


Y(t, cu), Y(s + r, uj) = Y(s, 6 t uj), 


f,s£R, t > s, a.e.u E D. 


( 1 . 2 ) 


In this paper we consider the following stochastic differential equation with multiplicative 
noise since the influence of noise in many cases depends on the intensity of the solution 

f du(t) = Au(t)dt-\-F(t,u(t))dt-\-J2kLi B k(t,u(t))odW]f, t>s , , 

1 u(s) = x E M d , 

where Wt = {Wjf 1 < k < M, t E M} is an M-dimensional mutually-independent standard 
Brownian motion under the canonical probability space (D, F, (P^tgM, P). Assume there exists 
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a constant r > 0 such that F(t + t,u) = F(t,u ), Bk(t + r,u) = Bk(t,u). Such kind of SDEs 
is called r-periodic. Suppose that the continuous functions F(t,u) and Bk(t,u) are Lipschitz 


continuous in u so that the initial value problem (1.3) has a unique solution (see M)- It is easy 
to see that the Lipschitz condition is always satisfied under the conditions given in the following 
sections. 

Note the stochastic integral is of the Stratonovich type. Recall the connection of the Ito and 
Stratonovich integrals 


B k (t,u(t )) o dW t k = B k (t,u(t))dWf + \v x B k {t,u(t))B k (t,u(t))dt. 


(1.4) 


Random periodic solutions of r-periodic semilinear stochastic differential equations with ad¬ 
ditive noise were studied in (13] (!?&(£, u ) = Bf.(t)). The existence was obtained under conditions 
that HFlIoo < oo, llVE’Hoo < oo, ||-Bfc||oo < oo, Bf,(t) is Holder continuous and the matrix A is 
hyperbolic. There is no requirement about F being monotone or the Lipschitz constant being 
controlled by the spectrum of A. In fact the system is non-dissipative as it is contracting in 
certain directions and expanding in certain other directions. So the random periodic solution, 
if exists, is not stable or completely unstable. The pull-back method does not work. In fact 
the random periodic solution is an anticipating stochastic process, which depends on the whole 
path of the noise. 


If the stochastic system is dissipative, we can use other methods such as pull-back to study 
the problem, where there is no anticipating issue at all (}33j). In this paper, we consider non- 
dissipative systems with the dx d matrix A being assumed to be hyperbolic. Similar to the case 
with additive noise, if this equation has a random periodic solution Y. it is also anticipating. 
However the nonadaptedness causes a real difficulty in the analysis of J 0 * Bk(s,Y(s)) o dW k , 
though this term is still well defined through (1.4). The first integral on the right hand side is 
of the Skorohod type, of which the L 2 -norm is given by the Skorohod isometry ( 


B k ( Sl Y(s))dW k \\ 2 L Hn) 


(1.5) 


\\B k (s,Y(s))\\i 2m ds+ I / C V x B k (s,Y(s))V^ 1 Y(s)yV x B k (s,Y(s))V^Y(s)dr 1 dr 2 , 


t r t 



0 JO 


where A T is the transpose of A and T>Y the Malliavin derivative of Y. 

For a finite time SDEs with a given anticipating initial condition, Nualart proved a substi¬ 
tution theorem in [23]. With the help of this result, we can prove that the random periodic 
solution is identified as a solution of the following IHSIEs 


Y(t) 


r+o o 

e A ^- r) p- F (r,Y{r))dr- / e A ^~ r) P + F(r,Y{r))dr 

Jt 



M 

e A(t-r)p - Bk ( r> y( r )) 0 dW k _ 

k =1 



( 1 . 6 ) 


e A{t-r)p+ Bk ^ Y (r)) O dW k . 
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Here P~ is the projection from to the subspace spanned by the eigenvectors corresponding 
to the eigenvalue of A with negative real parts and P + = I — P~ . Thus our problem is reduced 
to solve (1.6). Note here Eqn. (1.6) can be represented as an initial value problem (1.3) with 
initial value u(s) = Y(s ) as for t> s, from (1.6), 

Y(t) = e A(t ~ s) f e A ( s ~ r ^P~F(r, Y(r))dr + f e A(t ~ r) P~F(r,Y(r))dr 
J —oo J s 

M os ft 

+e Mt-s)J2 / e A{s ~^p-B k (r,Y(r))odW k + / e A ^P~B k (r, Y(r)) o dW k 
k=l'J~°° ^ S 

/»+oo ft 

_ e Mt-s) / e A ( s -Pp+F(r,Y(r))dr + / e A ^~ r) P + F(r,Y{r))dr 
J S J S 

M f~\~ oo M pi 

_ e A (t-s)J2 / e A ^P + B k {r,Y(r))odW,l:+ ^2 / e A(t ~ r) P + B k (r, Y(r)) o dW? 
k =1 k =1 ^ s 

ft M ft 

} y(s)+ / e A ^~ r) F(r,Y(r))dr + ^2 e A(t ~ r) B k {r, Y(r)) o d,W* . (1.7) 

J S i n J S 


_ e A(t-s)i 


This would be exactly the type of SDEs considered in [25] with a given anticipating initial value 
y(s) at time s if it were known. However, in our context, Y(s) is not known, but part of the 
solution of Eqn. (1.6) when t = s. 


It turns out that the anticipating issue causes some real difficulties in solving (1.6), even in 
the linear noise case, due to the fact that the L 2 norm of B k (s,Y(s )) o dW k (s ) involves the 
Malliavin derivative of Y in (1.5). In this paper, we only consider the linear noise case. We use 
the stochastic linear evolution operator and subsequently identify random periodic solutions as 
the solutions of forward-backward coupled infinite horizon random integral equations (IHRIEs) 
with the help of the exponential dichotomy given in Oseledets’ multiplicative ergodic theorem 
(MET). 


We cannot solve the IHRIEs pathwise though the equations are given in a pathwise manner. 
The major flaw of a pathwise approach is the lack of the measurability to their solutions. 
Thus we seek a solution in C((—oo, +oo), T 2 (H)). Relative compactness is key in this analysis. 
However, pointwise (fix u>) relative compactness theorem such as Arzela-Ascoli Lemma is not 
enough. Another difficulty is the pathwise stability of 4>(t, 9 s oj)P~ in the MET and the stability 

in L 2 (H) are different. For example, as t oo, e~^ t+Wt —> 0 a.s., but E (^e~Y +Wt ' s j —y oo. To 
overcome this difficulty, we construct a sequence of localised IHRIEs. We then use the relative 
compactness of Wiener-Sobolev spaces in C([0, T], L 2 (H)) and Schauder’s fixed point theorem 
to solve the equation in C(M, L 2 oc (H)). We finally measurably glue the local solutions together 
to obtain a global solution in C(M, L 2 (H)). It is interesting to note that the local solution may 
not converge to the global solution. 


With the existence of random periodic solution, we can construct a periodic measure /d s of 
the skew product on (H x R d ,F (£)B(R d )) according to [15]. The factorisation of fi s which is 
given by (/i^ = <V(s,0(-s) u) is anticipating. 
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We would like to point out that anticipating equilibrium processes exist in reality. For ex¬ 
ample, an anticipating stationary solution was found in the transition state problem in chemical 
reaction processes (c.f. HI)- 


2 


Preliminaries and the equivalence of random periodic solu¬ 
tions for hyperbolic systems and the coupled forward-backward 


IHSIEs 


Consider P = C 0 (M,M m ) := {w € : w(0) = 0}, W t (u) := w(i), and J* := 

with := cr(W u — W v , s < v < u < t). Besides, we define a shift that leaves P invariant by 

Of : P —y P, Q s uj{t ) = uj{t -f s) — cu(s), 5, t £ M, 


and thus the shift 0 is P-measure preserving. 

First we briefly recall the Skorohod integral, Stratonovich intergal and prove Malliavin deriva¬ 
tive’s norm preserving property under the measure preserving operator 6. We only need to 
consider 1-dinrensional Brownian motion W on M. The multidimensional case can be dealt with 
similarly. 

Denote by L 2 (M m ) the set of symmetric functions in L 2 (M m ). Define for / £ L 2 (M m ), 


Im(f)= ( f(tl,...,t m )dW tl ...dW tm . 
Jr™ 

It is well known that 


E [I m (f)I n (g)} 


0, if n ^ m, 

ml < f,g > L 2(Rm), if n = m. 


( 2 . 1 ) 


Definition 2.1. (Skorohod integral [23]) Suppose that v(t, u) is a stochastic process such that 
v(t,-) is P-measurable and square-integrable for all t £ M. Thus it has the following Wiener-Ito 
chaos expansion 

OO 

v(t) = J m(/m(-,t)), 

m =0 

with fm(-,t) £ L 2 (M m ) for each t £ M. Then the Skorohod integral is defined as 


6(v) := / v(t,u)5W t := Y I m+i(fm), 
J R n 


( 2 . 2 ) 


where f m £ L 2 (M m+1 ) is the symmetrization of ,t m ,t) as a function of all m + 1 

variables. We say u is Skorohod-integrable and write u £ Dom(5 ) if the series in (2.2) converges 
in L 2 (P). 


Another kind of integral is defined in the probability sense (1-dimensional case): 
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Definition 2.2. (Stratonovich integral [25] ) A measurable process v(t,uj) such that < 

oo a.s. is Stratonovich integrable if the familiy S* 


S* := [ v t W?dt, 

Jr 


where 


^ W U+1 - W ti 
w l =l^— f - 1—Xiu.t, 

i =o U+1 ~ U 


+i 


](*)» 


converges in probability as 17r| —> 0 and in this case the limit is called the Stratonovich integral, 
denoted by f R vt o dWt- 


Note that the relation (1.4) holds between the Stratonovich integral and the Skorohod integral 
(c.f. [25]), i.e., 


f B(s, u(s)) o dW s = f B(s,u(s))5W s + - f V x B(s,u(s))B(s,u(s))ds, 
Jr Jr 2 

where B G £(M rf ). 

Let S denote the class of smooth and cylindrical random variables of the form 


(2.3) 


G = f(W(h 1 ),-•• ,W(h n )), 

where / G C')) 0 (M ri ), i.e., / and all its partial derivatives have polynomial growth order, and 
W(hi ) = f K hi(s)dW s , hi, ■ ■ ■ ,h n G L 2 (M), and n > 1. The derivative of G is the L 2 (M)-valued 
random variable given by 


V r G 


E 




, W(h n ))hi(r). 


Then denote by V 1,p the domain of T> in L p (f2), i.e. V 1,p is the closure of S with respect to the 
norm 

||G|| liP = (e\G\^ + K\\V.G\\ p L2m y . 

The following simple result is about the D 1,2 -norm-preserving property under the measure 
preserving operator. It will play a crucial role in the subsequent argument. This property is not 
normally true for Malliavin derivatives, but it is here due to the fact that the time interval is 
the whole real line M. 


Lemma 2.3. (Norm preserving in V 1 ' 2 ) Suppose G(-) G V 1 ' 2 , then for all /iGl, G(6h-) G V 1,2 , 
and 


\\G(6 h -)\\i,2 = ||G(-)||i,2, 


where 9t : 12 —> Q, h G M is the measure preserving measurable dynamical system on (0, J 7 , P). 
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Proof. First by the measure-preserving property, it is easy to see that 

E\G(0 h -)\ 2 = E\G(-)\ 2 . 

By Wiener-Ito’s chaos decomposition (c.f. [23]), G(-) G 7? 1,2 can be written as 

OO n n 

G(«) = V / ••• / ■ ■ ,t k )dW tl ---dW tk , 

j„ q J M «/M 

where fk{~) is a symmetric element in T 2 (M fc ), and 

OO /i /« 

G(0 h w) = V / • • • / / fc (ti - /i, • ■ ■ , 4 - /OdW tl ■ ■ ■ dW tfc . 

_q J K «/M 

The corresponding Malliavin derivatives can be derived through Wiener-Ito chaos decomposition, 

OO „ « 

V r G(L0) = J2 / ••• / ,t k -i,r)dW tl ■■■dW tk _ 1 , 

_q J M J M 

and 

OO „ r, 

V r G(d h u) = V / • • • / f k (ti - h, • ■ • , 4-r -h,r- h)dW tl ■ ■ ■ dW tk _ x . 

_q J M J M 

Therefore 

r. OO /» 

E / ||P r G(6' ft -)H 2 ^ = !) ! / ||/fc(*i - h, ■ ■ ■ ,4-i - ?— /i)||i2 (R fc-i)dr 

J IR J„ Q J IR 

OO « 

= ^2(k-l)\ \fk(ti,--- ,t k -i,r)\ 2 dti---dt k -idr 


k =0 


= E / ||D r G(-)|| 2 dr. 


The claim is asserted. 


□ 


Note that when (O, J P) is the canonical probability space associated with an M-dimensional 
Brownian motion {Wf , t G M, 1 < j < M}, T>G of a random variable G G T> 1,2 will be an M- 
dimensional process denoted by {T>lG,r G R, 1 < j < M}. For example 

= 4,ix ( - oo,tj W- 

Here and throughout the paper x.(') always represents an indicator function. Denote the solution 


of the initial value problem (1.3) by u(t,s,oj)x, t> s, and 

P t M rt 


i(t, s,x) = e Alyt s ^x + f e Aiyt r ' ) F(r,u(r, s,x))dr+ f e A ^ ^Bk(r,u(r,s,x))dW 1 

Js k=1 Js 
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It is easy to see that u satisfies (1.1). Moreover, by Proposition 2.3.22 in [2] and periodicity of 
F and B k , similar to the proof cocycle case in Theorem 2.3.26 in [2], we have that 


u(t + r, s + r, x) 

nt+T 


rt+r rt+T 

_ e A(t-s) x _|_ / e A( ' t+r ~ r ^F(r, u(r, s + r, x))dr + ^ / e A ^ t+T ~ r ^B k (r,u(r,s+ T,x))dW‘ 

J S+T k=l ^S~\~' r 

= e A ^x + f e A ^F(r + r,u(r + T,s + T,x))dr 

J S 

M rt ~ 

+ B k (r + T,u(r + t,s + T,x))dWr 

k =l s 

pt M pt 

= e A ( t_s )x + / e A ^~ r ^F{r, u{r + r, s + r, x))dr + ^ / e A ( t ~ r '>B k (r, u{r + T , s + r, ®))dW ? 

J S i i J S 


k 

r i 


k =1 ' 


where W,. := ( 6 T u)(r) = W r+T — W T . On the other hand, 


M 


0 T u(t,s,x ) = e A ^ + / e Alyt r ^F(r, 9 T u(r, s, x))dr + ^ / e A ^ ^ B k (r,9 T u(r, s,x))dW x . 


k= l' 


By the pathwise uniqueness of the solution of ( |1.3[ ), we have that 

it(f + r, s + r, uj) = w(i, s, 0 T w), for all t > s, t, s E M, a.s. 


(2.4) 


Note that u(t,s,u) is also well-defined when t < s and satisfies (c.f. [20] ) 

{ M M 

du(t) = -[Au(t ) + F(t, u(t)) + X) X x B k (t, u(t))B k (t, u{t))\dt - B k(t, u(t))dWjf, ^ ^ 

k^ = 1 ' ' 

u(s) = x e M. d . 

This means that the stochastic semi-flow is invertible a.s. Although this is not essential to make 
our method working, it helps to derive the IHSIEs. In the case of SPDEs, this property does 
not hold. In [16] . applying the unstable manifold theorem ([23]). we can still deduce the IHSIEs 
in the infinite dimensional case. 

The following substitution theorem for anticipating stochastic differential equations in [25] 
will play an important role in the development of the connection between the IHSIE and random 
periodic solutions. 


Lemma 2.4. Consider the following stochastic differential equation on [0,T], T > 0 


X ts = 


M rt rt 

X 0 + J2 <^Xs,s)dWi+ / p(s,X gtS )ds, t>8, 

i =1 Js Js 


( 2 . 6 ) 


where <Ji E C' 3 (M d+1 ), 0 < i < M, and fi E C' 3 (M d+1 ) have bounded partial derivatives of first 
order. Then for any random vector Xq, the process X = {(p tjS (Xo),t E [0, T]} satisfies the 
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anticipating SDEs (2.6), where {<pt,s(x),t E [0, T]} is the stochastic flow defined by: 


M i,t r t 

<Pt,s(x) = X + Y Vi(s,<Ps,s(x))dWl+ P(s,ip SjS (x))ds, t>s. (2.7) 

i=\ Js Js 

Besides, if cr l ,l < i < M, and fl are of class C A , and Xq E P 1,p (M d ) for some p > 4, then the 
process X is the unique solution to (2.6) in L 2 ([0, T],P 1,4 (R <i )) and is continuous in t almost 
surely. 


is time independent case. But time dependent case can be 

t s 
Xt-\-s,s_ 


The equations considered in 
easily deduced to time independent case by considering X t = 


Now we consider the general T-periodic SDEs with multiplicative noise (1.3). 

Theorem 2.5. (Equivalence theorem) Let F : M x and B k : M x be of 

class C 3 , with the Jacobians XF(t, •) and VB k (t,-) globally bounded, for 1 < k < M, i.e. 
sup ||Vi 7 ’(£,x)|| i q K d) + sup ||Vi?fc(t,x)||£( K d) < oo. Assume F(t,u ) = F(t + r,u) and 

t£«.,x&H d t£R,x£R d 

B k (t,u) = B k (t + t,u ) for some fixed r > 0. Then a tempered Y E L 2 ([0, r), V 1,p ) for some 
p > 4 such that Y(t + t, oj) = Y(t,9 r uj) for any t E M P-a.s. is a random periodic solution of 
Eqn. (1.3) if and only if Y satisfies Eqn. (1.6). 


Proof. If Eqn. (1.6) has a solution Y E T >1,p (L 2 (M, M rf )) for some p > 4, then it also satisfies 


(1.7). Thanks to Nualart’s substitution theorem (Lemma |2.4| ), which guarantees the uniqueness 

1 value Y(s,u), we have 

= u(t,s,Y(s,u),uj) = Y(t,u). 


of solution to (1.3) with anticipating initial value Y(s,lu), we have 
u(t, s, x, u) 


X—Y (s,tj) 


Conversely, assume Eqn. (1.3) has a random periodic solution which is tempered from above. 
First note for any non-negative integer l, we then apply the substitution theorem again to obtain 

Y(t,u) = u{t±lT,t,Y{t,6^ w uj),0 T i T u) 


— Xf AlT 


rt±lT 


e 1 Y(t, O^irLu) + 


3 A (.t±lT s )e(s, u(s, t, Y(t , 0^i T u), e T i T u))ds 


M r t±lT 


k= 1' 


a A(t=t/r— s) 


B k (s, u(s, t, Y(t, e^irOj) , 9 T i T u)) o dWg TlT . 


Therefore, 


= P u(t + lT,t,Y(t,d_i T u}),9_i T u) 

= e Alr P~Y{t, 9-i T u) + [ e A{t -^p-F(s,Y(s,uj))ds 

J t—lr 

M r t 

+ E / e A(t -~ s) P-B k (s,Y{s,uj))odW^ 

i —i J t—lr 


P~Y(t,uj) 
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M 


(t-s)p- F (s, Y (s,u)) d s + J2 / e A ^- s) p-B k {s,Y(s,uj))odWi 


k =1 ' 


in L 2 -norm as l —> +oo. The last convergence can be demonstrated by the Skorohod isometry 
and (2.3). Indeed by the linear growth of B and boundedness of its gradients, for each k 


/ r t—lr ^ 

e A (t-s) P - Bk (s, Y (s,uj))6 W t 

-OO 

pt—lr 

< 2C\ / e 2/im + l(t "" ) (l + |y(s)| 2 )ds 


+C'||VS fc ||^ 0 E 


pt—I t pt—lr 

(t—s) I 


\T> r Y(s,u))\\ 2 drds. 


Let us consider the second term on the right hand side only, as the first term can be dealt with 
analogously, 


\V r Y(s,u)\\ 2 drds 


/ t—lr pt—lr 

g 2 /i m+ i(t-s) / 

-oo J — OO 

/ t POO 

e 2 /, m+ i(t-a) E / \\V r Y(s,uj)\\ 2 drds 
-oo J — oo 

oo 


—oo 
oo 


^ PT P OO 

< e 2 ^+ llT J2 e 2flrn+liT / E / \\V r Y(s,u)\\ 2 drds, 

^J 0 J oo 


( 2 . 8 ) 


where we use the periodicity Y(s,o;) and the norm preserving property Lemma 2.3 about 
E ||TVY(s,u;)|| 2 <ir. Moreover, it is easy to see that (2.8) tends to 0 when l —> oo. Analo¬ 
gously, as u is invertible, 


P + Y(t,u) = P + u[t — lT,t,Y(t,8i T oj),8i T Lu) 

rt+lr 

= e- AlT P~Y(t,9 lT uj) - e A{t ~ s) P + F(s,Y(s,uj))ds 

M pt-\-lr 

- Y, / e A ^P + B k (s, Y(a , w)) o dW* 


k=1 

POO 


poo M /»oo 

/ e A(t - s) P + F(s,Y{s,u))ds-Y e A ^P~B k (s, Y(s, u)) o dWg 

Jt k=1 Jt 


in L 2 -norm as l —> +oo. 


□ 


In the general multiplicative noise case, it remains open to solve Eqn. 
the linear noise case in the next two sections. 


(1.6). We will solve 
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3 Linear noise: the exponential dichotomy and IHRIEs 


Consider the following r-periodic semilinear SDE of Stratonovich type with multiplicative 
linear noise, 

M 

du(t ) = Au{t) dt + F(t, u(t)) dt + E B k u(t) o dW 

fc=i 

u(s) = x e R d , 

where A, {B k , 1 < k < M} are in £(R d ), W t := (W/, W t 2 , • • • , W t M ) 

Brownian motion under the filtered Wiener space (P, T, k, P). In addition, we assume that 


t > s 


(3.1) 


t e M, is an M-dimensional 


Condition (C). The matrices A, A*, Bk, and BJ. are mutually commutative. 

Now define a random evolution operator $ : M + x P ->■ £{R d ) by 

M 

f d$(i) = A$(t) dt + £ B fc $(f) o dW t \ t> 0 (3 2) 

^ $(0) = / e £(M d ), 

which is a cocycle over the metric dynamical system (Q,F, P, (0t)teR) ([2]-[fi].[T2].[2U].[22]). Due 
to the commutative property of A and Bk, $ can be written in the explicit form as 


<h(t,w) = exp {At + Efcli B k W t k }. 


Recall that the solution of (3.1) via (3.2) can be written as (c.f. [23]) 


u(t, s, x, co) = T(t — s, 8 s u)x + / $(t — s, OgUj)F(s, u(s, s, x, w)) ds, t>s. (3-3) 


Remark 3.1. Though being defined only on M + in the above, d> can be extended to M _ in the 
finite dimentional case via the relation 3>(i, w) = <h(— t, 9tLu)~ 1 when t < 0 as it is measurably 
invertible. Here is uniquely defined and satisfies (120J) 


M M 

dT(f)' 1 = -A^it)- 1 dt + Y] Bfafiy 1 dt-Y2 Bk^it)- 1 o dW t k , t > 0. 

k=l k =1 


Note it is not hard to check that d> is a perfect two-sided linear cocycle, so it satisfies the 
multiplicative ergodic theorem (MET) in Euclidean space ([2]). The proof is postponed to the 
Appendix. 

Lemma 3.2. (Exponential dichotomy) Suppose that A+ 2 A has only nonzero eigenvalues with 
the order /j, p < fi p -i < ■■■ < n m +i < 0 < /j, m < ■ ■ ■ < Hi, p < d, and the corresponding 
eigenspaces E p , ■ ■ ■ ,E\ with multiplicity d, := dim Ej. Here Ef=i di = d. Then 

(i) There exists a non-random splitting 

R d = E p © Ep—i ® ■ ■ ■ © E m j r \ • ■ • © E\ P — a.s., 
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and 


1 


Hi = lim - log uj)x\, for x E Ei\ {0}, 

t— s>±oo t 

is the Lyapunov exponent of ( I ) , with the corresponding multiplicity di. Moreover, M> d can 
be decomposed as 


R d = E~ © E + 


where E~ = E p © E p _\ © ■ • • © E m+ \ is generated by the eigenvectors with negative 
eigenvalues, while E + = E m © E m -1 © • • • © E\ is generated by the eigenvectors with 
positive eigenvalues. 

(ii) Let P± : R d —> E± be the projection onto E± along E T . Then 

<$>{t 1 6 s uj)P ± = P ± <S>(t,6 s u) P-a.s., 
with exponential dichotomy on an invariant set of full measure, 


||$(t,0 s u;)P + || < C{d s u)e^ mt < C A (uj)e^ mt e A H, t < 0, 
\\<f>(t,6 s uj)P-\\ < C{9 s u)e W+i* < C A (w)e^-+ lt e A 1*1, t > 0, 


(3-4) 


for any s£l, where || • || denotes the norm on £(M d ), and C(u) is a tempered random 


variable from above, A is an arbitrary positive number and C'a(cu) a positive random 
variable depending on A. 


Some elementary but useful results can be derived from (3.4). Their proof is postponed to 


an Appendix. 


Corollary 3.3. For any t > 0, and sgl, we have 


E||P _ — <h(t, 9$-)P~ || 2 = E||P _ — <b(f, -)P~ || 2 < C(|f| + l)e 2||A|l|i|+2M|!B||2|t| |t| 


where C is a generic constant that may depend on M, A, BHm+ l, Em, F, and t, and for any 
t < 0, and s E M, we have 


E||P+ - $(t,d r )p + 1| 2 = E|| P + - -)P + \\ 2 < C{\t\ + l)e 2 H A lll t l +2M ll- B l!l t l|t|. 


Moreover, we have 


E||d>(t, 6s-)P ± \\ 2 = E||$(i, ■)P ± \\ 2 < C' e 2 ll A IH t l +2M ll s ll 2 l t l. 


We will look for a B(M) © ^-measurable map Y : M x Q — > M. d which satisfies the following 
coupled forward-backward IHRIE, 



s,0sLo)P F(s,Y(s,u))ds 


— OO 



(3.5) 
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for all u E t E M. For any N E N, set the truncation of <L(t, by N: 


& N (t,9s0j)P : = &(t,9§uj)P minjl, 

$ N (t, 9 §uj)P + : = <F(i, 9§uj)P + min < 1, 


_/Y e2 Mm+it e A|s| 

_/V e §/WgA|J| 


, when t > 0, (3-6) 

, when t < 0. (3-7) 


mt,e s u>)p+\\' 

We hrst consider a sequence of P(M) <g> ^-measurable maps {Y N }at>i defined by solutions of 


Y N (t,u ) = / (t- s,9 s u)P-F(s,Y" (s,u))ds 




N t 


/ +oo 

& N (t - 8, 9su)P + F(s, Y n {§, u))ds, 


(3.8) 


for all oj E £7, t E M. We will develop tools to solve Eqn. (3.5) via Eqn. (3.8). Denote 
/r := mm{-n m+ i,nm}- Set 

n N := \u : sup max j sup || < h(t, 9 s u)P~ ||e - 5^l -A M ; sup ||$(t,0 s o;)P + ||e-^l- A N 1 < n\ . 

I seK 1 t> o t<o J J 

(3.9) 

Note that for oj E fijy, $ = <E V , and consequently Eqn. (3.5) coincides with Eqn. (3.8). 
Moreover Lemma 3.2 suggests that Djy —t D as N —> oo. Therefore Y N is a local solution of 
Eqn. (3.5). 

Note that Stratonovich integral is defined in the sense of convergence in probability. In the 
multiplicative linear noise case, with Theorem 2.4 in hand, we are able to identify the random 
periodic solution of (3.1) with the solution of IHRIE (3.5) without assuming Y being Malliavin 
differentiable. 

Theorem 3.4. Let F : M x be of class C 3 , globally bounded and the Jacobians VP(t, ■) 

globally bounded. Assume F(t,u) = F(t + t,u ) for some fixed r > 0. Then a tempered Y such 
that Y(t + r, u) = Y(t , 9 r u) for any t E M P-a.s. is a random periodic solution if and only if Y 
satisfies (3.5). 


Proof. If Eqn. (3.5) has a solution Y(-,oj), then from Eqn. (3.5) by using the cocycle property 
of we have for any t > s, 

Y(t,uj) = 4>(t — s,9 s uj)Y(s,uj) + J <h(t — s,9sU})F(s,Y(s,u))ds. 

This is to say that Y(t, uf) satisfies (3.3) with initial value Y(s, u). Now suppose that u(t, s, 
and u(t, s, <p 2 ,u) are solutions of Eqn. (3.3) with P-measurable initial values ipi and <^ 2 respec¬ 
tively. Then 

\u(t,s,<pi,u>) - u(t,s,(p 2 ,u)\ 2 
< 2||$(t — s,9 s u)\\ 2 \yi - (p 2 \ 2 
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+2 (T-s) / ||<I>(f - s,^o;)|| 2 ||VF||^ 0 |«(s,s,^i,a;) - u(s,s,99 2 ,w)| 2 ds, 


where 

For any t > s, 
||$(* - s,O s u) 


||VF||^:= sup ||VF(t,u)|| 2 (Rti) . 

t&R,u£R d 


exp Y(A + A*)(t - S )} exp - W*)} 


< e Mi(t-s) 




+ |t | 5 + |s | 5 


exp { \\B\\(2C^ a 

k =i 

exp {2M||B||f + 2|| J B||Efl 1 ^}, 


where T := max{|T| 5 + |s| 5 , 21s!* 5 }, and the third line holds due to the fact that there exists fii 

1 

of full measure and a constant — < <5 < 1 such that 

\Wf — Wg \ < 2Cg w + \t\ s + |s| 5 . 

Then for any s < t < T, 

\u(t,s,<pi,uj) - u(t,s,(p 2 ,u )| 2 

< 2H UJ (T — s)|<^i — 1 2 + 2(T — s)\\VF\\‘^ 0 H UJ (T — s) [ |u(s, s, ip±, u) - u(s, s, (p 2 , w)| 2 ds, 


where 


— „2/xi (t-s) 


t {4M||5||f + 4||S||Ef = i^t}- 


H W (T — s) = e 2, " ±v " exp ■ 

Thus applying the Gronwall’s inequality gives 

| u(t, s, <pi ,u) - u(t, s,<p 2 , w)| 2 < 2H U1 (T - s)|<^i - (p 2 \ 2 e 2 W VF W 2 °° H “( T - s )( T - s y p _ a .s. 

Now assume that <p\ = </? 2 . Then it is easy to see that u(t, s, cpi, uj) = u(t, s,ip 2 ,u>) for any 
u) E fii and t G [s,T]. Hence from P(f2i) = 1, 

P {u(t, s, ipi,uj) = u(t, s, </? 2 , <u) for any t G Q n [s, T]} = 1, 

where Q is the set of rational numbers. By the continuity of t —> \u(t,s,ipi,u) — u(t, s, ip 2 , <u)|, 
it follows that 

P {u(t, s, ip\ ,uj) = u(t, s, (f 2 , oj) for any f 6 [s,T]} = l. 

This implies the uniqueness of solution of SDE (|3.5[) within a finite time interval [s,T]. Then 


equivalent to (3.1), 


by Theorem 2.4 and the uniqueness of the solution of the initial value problem ( |3.3| ), which is 
u(t, s, x, uj) = u(t, s, Y ( s , uj), u) = Y(t, uj). 

x=Y (s,lu) 
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The temperedness of Y follows from the estimates (3.4) and the boundedness of F. 


Conversely, assume Eqn. (3.1) has a random periodic solution which is tempered from above. 


First note for any non-negative integer l, we have by Theorem 2.4 

Y(t, lo) = u(t T It, t, Y(t, Ozfirw ), dzpi T uj) 

= $>(±lT,6 tT i T uj)Y(t,6 T i T uj) 


ntdblr 


+ 


4>(t ± It - s, 6 St i t uj)F(s, u(s, t, Y(t, 6^i T uj),0^i T u))ds. 

Jt 

In particular, 

P~Y(t,u ) = P~u(t T lr,t,Y(t, 9 -i t ui), 0-i T ui) 

= $>(lT,Qt-i T w)P-Y(t,9-i T uj) + f <b(t - s,6suj)P~F(s,Y(s,uj))ds 

J t—lr 

—> I 4>(t — s,8sUi)P-F(s,Y(s,uj))ds P —a.s., 

J — OO 

as l —> Too. The convergence deserves some justifications. The convergence of the first term to 
0 as l —^ Too can be easily drawn from the estimate (3.4) together with the tempered property 
of |y(f,w)| and C(uj). The convergence of the second term to the desired integral can be seen 
from the estimate of T and the boundedness of F. 

Analogously, as u is invertible, 

P + Y(t,u) = P + u{t — lT,t,Y(t,9i T L}),0i T uj) 

rt+lr 

= 4*(-/t, e t+ i T Lo)P + Y(t, OirUj) - J <f>(f - s, 9 s uj)P + F(s , Y(s, u;))ds 


r+oo 

l 


4 > (t — s, 9gio)P + F(s, Y(s, u))ds P — a.s. 


as l —> Too. Therefore we have proved the converse part as Y = P + Y T P Y. 


□ 


4 The existence of random periodic solutions and periodic mea¬ 
sures 


After showing the equivalence of random periodic solutions of (3.1) and the solutions of (3.5), 
it remains to prove the existence of solutions to (3.5). To check the relatively compactness is 
key to the proof of the the main result. In the following, we present the improved version of 
the Wiener-Sobolev compact embedding in m with less conditions. We provide a brief proof 
in the Appendix for completeness. This kind of compactness in L 2 (P) as a purely random 
variable version without including time and space variables was investigated in mm, and in 
L 2 ([a,b\, L 2 (Q)) was obtained in [3]. 


Theorem 4.1. (Relative Compactness in C([a,b\, L 2 (Q)). Consider a sequence ( v n ) n of 
C([a, b\, L 2 (Q)). Suppose that: 
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(i) v n (t,-) E V L ’ 2 and sup nm sup te[aM || v n {t,-)\\\ 2 < oo. 

(ii) There exists a constant C > 0 such that for any t, s E [a, 6], 

supE|u n (f) - v n (s)\ 2 < C\t - s|. 

n 

(iii) (3i) There exists a constant C > 0 such that for any h\ E M, and any t E [a, 6], 

sup f E| T> r+hl v n (t) - V r v n (t)\ 2 dr < C\hi\. 
n Jr 

(3ii) For any e > 0, there exists —oo < a < f3 < +oo such that 

sup sup / R\V r v n (t)\ 2 dr < e. 

n t£[a,b] «/R\[q;,/3] 

Then {v n , re £ N} is relatively compact in C([a, b], L 2 (Q)). 


The local existence theorem of random periodic solutions is presented below. 


Proposition 4.2. Let F : 


be in C' 3 (M <i+1 ) J globally bounded and the Jacobian 


S7F(t, •) be globally bounded, and F(t , u) = F{t + r, u) for some fixed t > 0, and Condition (C) 
holds. Then there exists at least one jB(M) <8> F-measurable map Y N : M x Ll —> satisfying 
Eqn. (3.8) and Y N (t + t,oj) = Y N (t,d T co) for any t E M and oo E LI. 


Remark 4.3. It will be clear from the proof of this theorem that the commutativity Condition 
(C) is necessary only in the case when A is hyperbolic with at least one eigenvalue having a 
positive real part and at least one eigenvalue having negative real part, as otherwise, projection 
operators are not needed. 


The idea of its proof is to find a fixed point in some specific Banach space under Schauder’s 
fixed point argument m- The proof of this theorem is quite long, so we break into many parts. 
Firstly we define a Banach space Cy (M, L 2 {fil, M d )) 

C^(R,L 2 (n,R d )) := {/ E C A (R,L 2 (n,R d )) : for any t E R,f{t + r,u) = f{t,9 r oo)}. (4.1) 

Here the norm of the metric space C A (R, L 2 (Ll,R d )) is given as follows, 

II/IIA := supe -2A|f| ||/(f, •)IIl 2 ( q R d), 

tSK 

which is indeed a weighted norm with 0 < A < ^ min{— pt m }- Define a map M N : 

for any Y N E C A (R, L 2 (Q,R d )), 

M N (Y N )(t,ou) = [ $ N (t- s,e B oo)p-F(s,Y N (s,oo))ds 

+oo 

§ N (t - s, e s oo)P + F(s, Y n (s, oo))ds. 



(4.2) 
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Lemma 4.4. Under the conditions of Proposition the map 

M n : C A (R,L 2 (n,R d )) -> C A (R,L 2 (n,R d )) 

is continuous. 

Proof. Step 1: We now show that M N maps C A (M, L 2 (Q, M rf )) into itself. 
(A) We first verify that for any Y N E C A (M, L 2 (Q, ] 


supe- 2A|t| E|M Af (y Ar )(f,-)| 2 < oo. 
te R 


Actually by ( |3.6[ ) and (3.7) we have that 
e~ 2Altl R\M N (Y N )(t,-)\ 2 


/ t 2 P~ r°° 

$?_ SjS P-F(s,Y N )ds + 2e" A| % / <5>?_ S B P + F(s, Y N )ds 

-OO J t 

< 2e- 2A ^||F||L{E( | J|<^||ds)VE(^ + “||<^P+||ds) 2 | 

< 2fV 2 ||F||^e _2A|t| e ^ m+l(t_l) e A| * l ds) 2 + (jf e^ m ( f -^e A|s ' l d, 


Here 4>i i sP ± is the shorthand for and QtP^ is the shorthand for 4>(t,w)P :t . 

Note that e A l s l < e _As + e As , e^ 2A ^l < e~ 2Ai and e _2A l*l < e 2At for all s,t E R. The first 
integral in the above can be estimated as 


^-2A\t\( [ e ^Um+i(t-s) e A\s\^P 2 


—OO 

t 


< e~ 2A W[J e^ m+1 ^- s) e- As dsy + (J e^ m+l{t - s) e As dsy 
( f e^+'+W-^dsY + ( f e ( 5^+ 1 - A)(t -' ) ds 

' J —oo ' ' J—oo 


< 


< 


1 


+ 


1 


(|Uro+l + 2A) 2 (/Um+1 - 2A) 2 ' 

The second integral integral can be estimated similarly. Putting them together, we have 


" 2A|t| E| M N (Y N )(t,-)\‘ 


< 81V 2 ||F|| 2 


1 


+ 


1 


+ 


1 


+ 


1 


(/w 1 + 2A) 2 {fim+1- 2A) 2 (/i m + 2A) 2 (p, m — 2A) 2 J ' 


(B) Next we show that A (Y n )(-,uj) is continuous from M to L 2 (H,M“) for any given Y N E 
C a (M, L 2 (H, M rf )). First note for any ti, t 2 E M with ti < t 2 , 

Eivw^y^i) - M Af (y Ar )(t 2 )| 2 
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< 4E 


f 1 K-,.,P~ - K-s,sP~)F(S,Y N )ds 

' — OO 


+ 


+ 


r+oo 2 

/ (<_ M p + - <_ M P + )P(s, y")d* 

Jt 2 


+ 


[ t2 $Z_ s>s P-F(s,Y N )ds' 2 
Iti 

r ‘* K->,> p *F(S,Y N )ds' 2 


■ E r - 


2=1 


It is easy to check that 

fi2 


T 2 = 4E 


[ 2 <- S , S P-F(s,Y N (s,.))ds 2 < 4IV 2 ||F||^(/ 

Jtx 


rt2 e h^m+l(t2-S) e A\s\ d§ y 
tl ' 

< 4A^||T||^max{e 2A|t2| ,e 2A|tl| }|t 2 


and similarly 


T 4 = 4E 




'*i 


<_^P + P(s, y^CS, -))dS < 4IV 2 ||P||^ 0 max{e 2A N, e 2A ^}|f 2 - ti| 2 . 


As for Ti, we have the following inequalities through the estimates in Lemma 3.3 

rti 


Ti := 4E 
< 8E 

+ 8E 


(K-S, S P~ - K-S,sP~)F(s,Y^(s,u;))ds 


’ —OO 

r 

’ —OO 
ft 1 


(^ tl -s,sP - $t 2 -S,sP ) min |l, 


jy 0 2 Mm+l (^1 s)^A|s| 


{’ 


®t 2 -s,§P min <|1, 


— min < 1 


]yQH^m+ldl — s)gA|s| . 

II^-^P-II i 

_/Ve§/Wn(t2-s) e A|s| 


}F(s,Y N )d‘ 


F(s , Y n (s , cu))ds 


11^2-i.sP- 


By using inequality | min{l, a} — min{l, b}\ < \a — b\ whenever a, b > 0, so for s < t\ < i 2 
we have 


min |l, 


_/Y e §Mm+l(tl-s) e A|s| 


| — min 11, 


jV e §Mm+i(*2-a) e A|s| 


II^-mP' 


< 


< 


< 


< 


]\[ e ^m+l(tl-S) e A\S\ _/y e 5Mm+l(i2-s) e A|s| 


||^t 2 -S,S-P-|| 

]y e lfJ'm+l(,ti-^) e A\s\ _/Y e |/im+l(i2-s) e A|s| 


11^1-a,^ 

Ne A W 


+ 


jV e i /im + 1 ( t 2- s )e A l*l _/Ve5 /im+1 ^ 2_ ^e A ^l 


\\$ tl -s,sP 

jy e A\s\ e 2^m+l(tl~s) 

||^2-S,SP-|| 


^ e |/im+l(tl-s) _ e §Mm+l(t2-J)^ -|- jYe A ^l e ^ m+ltt2_S) 


||^i 1 -S,S- P_ ll ll$i 2 -s,sP _ ll 

||$ tl Si |P-|| - || ®t 2 -s,sP~ 


((1 - ei“( t2 -^))||4> t2 _i l!4l P-|| + || $t 2 - tl , tl P~ ~ P ~ 
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Therefore 


Ti < 3841V 2 ||F||2 e 2A l*ilf T - 1 oA|9 + 1 - 1 nhl0 ) 

' |Mm+l T 2A| 2 |Mm+l 2A| 2 / 

•[E||$ t2 -ti, t iP" -P-|| 2 + ^ + i(t 2 -ii) 2 E||$ t2 - tl , tl p-|| 2 ] 

< CN 2 \\F\\ 2 e 2A lhl e 2|M|||t2-ti|+2M||B|| 2 |t 2 -t 1 | 


+ 


|/r m+ i + 2A| 2 |/r m+ i-2A| 2 


■K 1 + Vm+l)\t2 ~ h\ 2 + \t 2 - h\], 
where the last inequality follows from Lemma |3.3[ Similarly. 

T 3 := 4E 

< CN 2 \\F\\ 2 e 2 A|Ll e 2||A|||t 2 -i 1 |+2M||S|| 2 |i 2 -t 1 | / 1 + 

\\u,m+2A\ 2 


r+oo 2 

/ K- S .,P + - $Z_ ls P + )F(s, Y n (s , -))dl 

Jt 2 


I Mm + 2A| 2 |Mm-2A| 2 


•[(1 + Mm) 1*2 - *l| 2 + |*2 — *11]- 


(C) We show that M. N (Y N )(t, 9± r u) = M N (Y N )(t±r, u): similar as in [13], as Y N (t+T , u) = 
Y N (t, 9 t uj ), so 


M N (Y N )(t, 9 t uj) 

pt 

s N 


%-s.s+tP- 


' —oo 
rt 


/ +oo 

*?-s,s+r P+F & Y N (s,9 T u;))ds 


$(1 + t)-(§+t),s+tP P(s + T, Y (s + r, w))ds 


iV / 


f+OO 


^( t+ T)-(s+T),§ + T P+F ( § + T > + F W ))^ 

/ t+r /*+oo 

* N t+r) -k, k P-FCh. YN Ch,»))dh- / ki P+F(h,Y»(h,w))ih 

-OO ^t+T 

= M JV (T Af )(t + r,a;). 

Thus we completed the Step 1 and proved that M. N maps C A (M, L 2 (fi, M d )) into itself. 

Step 2: We now check the continuity of the map A4 V : C A (M, L 2 (fl, M rf )) —> C^(M, L 2 (fi,R d )). 
For Y^, Yf € C A (M, L 2 (fl, R d )) and t € [jr, (j + l)r) for some j € Z, we have 

e" 2A|i| E| M N {Y 1 N )(t, •) - M N (Y 2 N )(t, -)| 2 


< 2e _2A|t| E 


$y_ ls P-F(§, y/ v (I, -))dl - / Kf (s, -))dS 


^JV 


AT 


rAT/ 


r+oo r+oo 

+2e- 2A '% / ^P+F^Yfis,-))^- <S>?_ SjS P + F(s,Y 2 N (s,-))ds 

Jt ' Jt 


:= 7i + r 2 . 

By using the Cauchy-Schwarz inequality we have that 


Tf < 2||VF||^ 0 e- 2A l i lE(^ f |K M P-|| 1^(1, ■) - Y 2 N (s, -)|ds)' 
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< 4iV 2 ||VF||^E(^y e ( ^ m + 1_A)(t “ i) |i^(s,-)-i2 V (s.-)|d^ 2 

+41V 2 ||VF||^e( f e (3A*m+i+A)(t-i)|y i W( Sj .) _ y 2 n (s, -)| ds" 

^ J — OO 

r\ of 

(^#wi-A)(t-S)E|y 1 ^(| j .) _ Y 2 n (s, -)| 2 ds 


I Mm+1 2A| 


^ 2 ||VF||^ 


+ T 


rAr 2 ||VF||^ f e ( ^ m+1+A)(t "* ) E|Y 1 Ar (s, •) - Y 2 N (s, -)| 2 ds. 

J—oo 


\hm+l 4“ 2A| 

Note that E|Y 1 Ar (s, •) — Y'A(s, -)| 2 is a nonegative periodic function in O a (M) with period r as 
E| ¥»(§ + r, •) - Y 2 n (s + r, -)| 2 = E^S, 0 T -) - Y 2 N (s, 0 T -)\ 2 = E|yf(S, ■) - Y 2 N (s, -)| 2 . 
Then we have 

[ e ( ^ m+1±A)(t "' ) E|y 1 iV (s, •) - Y 2 n (s, -)| 2 ds 

J—oo 

< sup E| Y 1 N (s,-)-Y 2 N {s,-)\ 2 [ e^ /im+1±A) ( t -*)ds 

sG[0,r) J—oo 

o 2 At 

< -■ -- sup e- 2A l s lE|y 1 7V (s,-)-F 2 7V (s,-)| 2 . 


I/Wl ± 2A| s g[ 0iT ) 


This leads to 


Ti < 61V 2 ||VF|| 2 e 2Ar ^ 


1 1 
1 {fim+1 ~ 2A) 2 + (z^+i + 2A) 2 


} supe 2 A I s Ie|1F 1 jv (s, •) - Y 2 n (s, -)| 2 , 
' seK 


Similarly 


T 2 < 16JV ||VF||l.e' 


2 p 2Ar f_L 


+ 


r }sup e - 2A i s iE|y 1 JV (5,-)-y 2 Ar (s,-)| 2 . 


l(/i m -2A)2 T ( /im + 2A)2/ 5e 5 
Therefore the continuity of Ad^ : C A (M, L 2 (Q, M rf )) —> C A (M, L 2 (Yl, M d )) is verified. 


□ 


Remark 4.5. One can see that it is crucial to use the truncation of the tempered random 
variable C(ui) in the Step 2 of the proof. Otherwise, it would be difficult to separate ||$^. || 2 

and lY^s, ui) — (s,u;)| 2 inside the integrals in T\ and T 2 , where Holder's inequality seems 

losing its power here. Needless to say that a key step to make it work is to remove the truncation 
eventually. 


Lemma 4.6. Given (t, Og^P^ defined by (3.1) and (3.6), the Malliavin derivatives of 
6$u))P± with respect to the l-th Brownian motion, i G {1,2, ••• , M}, are given by: when 

t > 0 

v l r ^ N (t,d s uj)p- 

{ ( jVe^ m+lt e A l*l 1 
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-x 


M 




{||-t>(t,6» s a;)P-||>iVe2'‘m+i‘ e A|l|}V ) 9~ s Uj)P- || 3 


a a i 

Y (*(*> e s u ) p ~)ij Y^ ik ^ 9su)P~)kj) Ht, Osu)P~ \ (4.3) 


i,j =1 


k=l 


with the estimate that 

\\V l r <5> N (t,9su)p-\\ < (l + d 3 )||S||lVe5“( t - s )e A l 3 l, 

and when t < 0 

v l r <s> N {t,e $ uj)p + 


(4.4) 


= X{t+s<r<s}(m - Osu)P + min l 1, 


+X 


jy e lamt e A\s\ 1 

PWij 

Ne^ mt e A 1*1 

Hi 


{||$(t,0 s o;)P+||>Ne2^*e A l«l} V ' ||<P(t, <9 s ~w)P+|| 3 

d d 'j 

^ (4>(t,^o;)P + ) i ^(P z ) ifc (<I>(t,^)P + ) fci )<l>(i,^)P + > (4.5) 


ij=l 


fc=l 


with the estimate that 


\V l r $ N (t,9 s uj)P + \\ < (1 + d 3 )||P||A^e5 /im(f -" ) e A| * 1 . 


(4.6) 


Proof. We can calculate the Malliavin derivatives of by the chain rule: when t > 0, from 
Proposition 1.2.3 and Proposition 1.2.4 in |25] (or directly obtained from the proof of Proposition 
2.1.10 in [S]), we know that <p(F) := min{l,P} E V 1,2 if F E D 1,2 , and for fixed t and s we 
have that 


7 f IVe 2 I 
Thus, for l E {1, 2, • • • , M}, 

v l r $ N (t,e s uj)p- 

= D l r (<P(t, 9 s u)P~) min i 1, 


(' ')V l ^ r e2 /im+lt e A|J| 

“ X {||$(t,0 s a;)P-||>Are2' i m+l*eA|«l}^^ r ||<P(t, 9- s U>)P- || ’ 


/Y e 2/ im + lt e A l*l 


II 4>MHP- 

= P( (exp{At + Y^kLi Pk0s(W t )}P~^j min j 1 


+ 4>(i, 9~ s u)P V r min < 1 


jy 0 2 M m + 1 ^ gA I ^ I 

MmH 


' >C '{||$(t,0|a7)P-||>iVe2' i '"+i t eAp!j. 


/Ye5 /im+1 *e A ^l 

jYg|Mm+iigA|s| 


n$(t, ^)p~ „ 9 pj.ii$(t, gnp~ii- 


||4>(t, 9§uj)P~ || 2 


Note now the equivalence of the matrix norm 
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where (J)ij stands for the ij th element of the matrix J, and 

d 

V l r (< 

k= 1 

Thus by the chain rule we have 

1 d 

V l r \m,e^)p-\\ = ^ p _ (Hi, dsu ;)P~ )„!>*(<&(*, O s u)P- 

hj = 1 


1 


\mt,e s uj)p- 


d d 

i,j =1 


fc=1 


It is easy to verify (4.4). When t < 0, (4.5) and (4.6) can be derived analogously. □ 

Next we introduce a subset of C^(M, L 2 (Q, M d )) as follows, 

Cy(M,P 1,2 ) 

:= (/6C T A (K,L 2 (n,M d )): /| [0 , r) £ C([0, r), P 1 ’ 2 ), sup E / |Z>» f(t,-)\ 2 dr < oo, 

l ts[0,r) JR 

sup tt[E f \V l r+s f{t,-)-V l r f(t,-)\ 2 dr <oo, l £{!,■■■ ,M}\. 

Je[0,r),5eK l 0 l 4 m J 

Lemma 4.7. Under the conditions of Propositionwe have 

M N (C^f(R,V 1 ’ 2 )) c 0f( R,© 1 - 2 ). 

Moreover, M n (Ct.) p* (M, P 1,2 )|[ 0 , T ) relatively compact in C([0, r), L 2 (fl, M d )). 

Proof. Step 1: In this step we are going to present that M N maps Cr’^ (M,P 1,2 ) into itself. 

(i) First we have A4 7V (C'^(M, L 2 (fl, M d ))) C Cy (K, L 2 (Ul, M d )): the argument here is the same 
as in Step 1 in the proof of Lemma |4.4| 

(ii) Next to illustrate that for any t £ [0, r), l £ {1, • • • , M } and any Y N £ Cr’p* (K., iZ^ 1,2 ), 

e“ 2A l% f \v l r M N {Y N )(t,-)\ 2 dr < +oo. 

4m 

By the chain rule, (4.3) and (4.5), the Malliavin derivative of M N (fY N ){t,uj) is given as: 
V l r M N (Y N )(t,u) = f X{ r<t}(r)Vl(^_ s>s P-)F(s,Y N (s,u))ds 

J — OO 

r+oo 

~ / X {r >t}(r)VU^ s P+)F(s, Y n (s, u,)) ds 

J r 


+ I $»P-VF(s, Y N (s, u))V[Y n (S, u)ds 


N/ 


ilvNr 
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r+OO 


P + VF(s, Y n (s, u))V l r Y N (s, u,)ds. (4.8) 


Then we get for any lEl the following L 2 -estimation, 

e" 2A|t| E f \v l r M N (Y N )(t,-)\ 2 dr 

Jr 

rt /*+oo 

= e“ 2A|t| E / \V l r M N (Y N )(t,-)\ 2 dr + e- 2A ^E / \V l r M N (Y N )(t,-)\ 2 dr 


< 3e~ 2A| % 
+3e _2A|t| E 
+3e _2A|t| E 
+3e _2A|t| E 

4 

= ■■E L - 


' — OO 
rt 


/ r 

-oo 


-a s P-)F(s,Y"(s,-))ds 


—oo J —oo 

+oo /*+oo 


dr 


dr 




— OO 

+oo 


V l r ($?_ S!S P+)F(s,Y N (s,-))ds 

Y n (s, • ))V l r Y N (s, •)ds 
^ s P + VF(s, Y n (s, • ))V l r Y N (s , -)d5 


dr 

2 

dr 


i=l 


Applying Lemma 4.6, we have that 

Li < 6 ||P|| 2 A^ 2 ||F||^(l + d 3 ) 2 e- 2A|t| f ( f dsYdr 

J — oo ^ J —OO ' 

< 12||P|| 2 iV 2 ||P||^(l + d 3 ) 2 [ e ^m+l+2A)(t-r) J j e (| M m + 1 +A )(r-s) d$ y dr 

J —oo ' J—oo ' 

+ 12||P|| 2 Ar 2 ||P||^(l + d 3 ) 2 f e (^+i- 2 A)d-r) f r e (^m + l-A)(r-s) d §\ 2 dr 

J — OO ^ j —oo ' 

< 48||P|| 2 iV 2 ||F||^(l + d 3 ) 2 {- 


l/^m+i T 2 A | 3 2 A | 3 


} 


< oo. 


Similarly, 


i2 < 48|| B f^||FC(l + <JV( s -4 w+|fc _ 2A|3 

As for terms L 3 and L 4 , we have 

L 3 < 3A^ 2 ||VF||^e" 2A|t| E f ( [ e A ^e^ m+l{t ~ s) \V l r Y N (s, -^dsYdr 

Jr ' d-00 3 


< 00 . 


< 12iV 2 || VP||j 


+ 


J e h»m + i(t-S) E j \v\y n ( s,-)\ 2 drds 


, |/^m+l 4A| |/i m +l + 4A| _ 

Note that E J R |T ) (.F Ar (s, -)| 2 dr is nonegative and periodic with period r, i.e., 

E [ \V l r Y N (s + r,-)\ 2 dr = E [ \V l r Y N {s,9 T -)\ 2 dr = E [ \V l r Y N (s,-)\ 2 dr, 
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where the right equality is true according to Lemma 2.3 Then we have 

f e ^m+i(t-S) E f \v l r Y N (s,-)\ 2 drds < sup E / \V l r Y N (s,-)\ 2 dr f e^+'^d, 
J— oo JM. sefO.Ti J K J— oo 


< 


sG[0,t) 

2 e 2AT 


I ^ 

|Mm+l | sG[0,r) 


sup e“ 2A|s| E / \V l r Y N (s,-)\ 2 dr. 


Thus, 


/ 24iV 2 ||VF||g 0 e 2A - 24jV 2 ||VF||g 0 e 2A - n 2A , % 

3 - l| Mm+1 ( / x m+1 -4A)r| / x m+1 ( Mm+1 + 4A)| >/ se[0 f T) 


P^T 7 V (s,-)| 2 dr < 


Similarly, 




24Ai 2 ||VF||^e 2AT 24iV 2 || VF||^e 2AT 


+ 


sup e 


4A) T 4A) / s g[Q )T ) 

(iii) It remains to show that for any l G {1, ■ ■ • , M} and S G M, 
e —2A|t| - 


- 2 A M e / \ V [ Y N {s r )\ 2 dr < oo. 


sup “w 

te[0,r) I'd 


E\V l r+5 M N (Y N )(t, •) - V‘.M JV (Y lv )(t,-)\ 2 dr < oo. 


,1 


In fact the left hand side of the above can be separated into three integrals, 

e -2A|t| - 


sup 

te[o,r),<5eR I'd 

2A|t| pt—8 
-E / 


E\V l r+s M N (Y N )(t, •) - V\.M n (T 7V )(t, 01 2 dr 




SUp “Td" 

te[0,r),<5GM I'd 


V l r+5 M N (Y N )(t, •) - V l r M”(Y”)(t,-)\ 2 dr 


,1 kjN/vN\ 


=>—2A|t | 


+ sup —TVj—E / \V l r+s M"(Y*)(t,-)-V l r M"(Y")(t,-)\ 2 dr 

£E[0,t),(5eR 1^1 Jt—8 

e —2A|t | p+oo 


+ sup 
te[o,r),<5eM I'd 

:= I<\ + I<2 + k 3 . 


-E 


/ ■TOO 

| V l r+s M N (Y N )(t, •) - V[M N {Y N ){t , -)| 2 dr 


(4.9) 


To estimate AT in (4.9), note when r <t — 5, by (4.8) we have 

V l r M N (Y N )(t, u>) = f vU^ g P~)F(s,Y N (s,u))ds 

J — OO 


rt 


+ / 4>f_ M P-VA(s,y JV (s,a;))P'y iV ( S Tn;)dl 

J —oo 
r-\-oo 

- / $?_ S jP + VF(s,Y N (s,u;))V l r Y N (s,u;)ds, 


and 


/ r+<5 

V l r+s (^ s P~)F(s,Y N (s,u;))ds 

-OO 


OO. 
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+ / *?_ StS p-VF(s, Y n (s, u))V l r+5 Y N (s , u)ds 
^ s P + VF(s,Y N (s,u;))V l r+s Y N (s,u)ds. 


' — OO 

/*+oo 


Thus 


A'l < sup 

te[o,r),6eK rl 

rr+5 

+ ' 


3 g—2A|t| rt-S 


E 






l\rvN\ 


+ 


1 V l r+s ^_ S:S P~F(s, Y N (s, ■))ds - I" Vl^P~F(s, Y n (s, ■ ))ds * 

—oo J — oo 

r+oo 


$»P+VF(s, Y n (s , ■ ))(V l r+s - V l r )(Y N )(t, •)ds 


dr 


sup y^Qj. 

ie[0,r),(5eK i=1 


First note that Q i is bounded via measure preserving result in Lemma 2.3 

Qi 

< ^fyypk e ~m\ E J (^J 1 e As e 1 2^+^ t -^\{Vl +s -V l r ){Y N ){s r )\dsydr 

6 iV 2 ||VF||L — 2 A|t|jg f / f* e -^ e ^rn+At-s)^ v i r+5 _ v i r ^Y N )(s,-)\ds) 2 dr 
Jr ' J —oo ' 


H- 'A, '°° e~' 


< 


12JV 2 ||VF||^ , 12AT 2 ||VF || 2 


+ 


■1*1 l/Wt+4A| ' |<5||^ m+1 -4A|; E X/-oo e2 “ (t S)|(P ' +5 V rK YN )(s,-)\ 2 dsdr 

Note that E f R \{V l r+s — T> l r )(Y N )(s, -)| 2 dr is a nonegative periodic function in C A (M) with 
period r. Thus we have 

[ e ^m+i(t-s) E r \(v l r+5 -V l r )(Y N )(s,-)\ 2 drds 
J—oo J R 

< sup E [ \{V l r+5 -V[)(Y N ){s,-)\ 2 dr [ e^ m+l(4 " l) ds 

sG[0,t) il J—oo 


< 


2 e 


2Ar 


I “"Jr 

IMm+l| sS[0,r) 


sup e - 2A ' s lE / \(V l r+s -V l r )(Y N )(s,-)\ 2 dr. 


This leads to 


Q i < e 


2Ar 24iV 2 ||VF|| 


1 1 
+ 


|^m+l| ^ |/^m+l T 4A| |/im+l 4A| 

p -2A|s| /• 


SUP “Uf 
se[0,r),(56lR rl 


-E / |(p; + 5 -^)(y-)(s,.)r^<oo. 


Q 3 < 24e 2AT iY 2 ||VF||^{ 


1 1 
+ 


ALn(/An T 4A) Mm (/An 4A) 


Analogously, 
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e —2A|s| 

sup “w 

se[0,r),<5eR l°l 


E [ \(V l r+s - V l r )(Y N )(s, -)\ 2 dr < oo. 
J R 


Secondly, Q 2 can be estimated using (4.4), 


12 /**—<5 


* * 


r+(5 . 2 

dr 


< 3N 2 e- 2A ^\\F\\UBi\\(l + 2d 3 ) 2 ^ 


rt—S , rr+S 


< QN 2 \\F\\l 0 \\B,Ml + 2d 3 ) 2 j 
+6iV 2 ||F||^||i?H|(l + 2d 3 ) 2 

< 12iV 2 ||F||^||^||(l + 2d 3 ) 2 { 


rt-6 


_,(/z m+ i-2A) (t-S-r) 


e^m+i(t-s) e m d §\ dr 

rr+S 


rt-6 


e (i Mm+1 -A )(r+8-s) d§dr 
r+S 


^m+i+2A)(t-S-r) I e ( '5 /im+1+A ^ ? ’ +<5_l - ) dsdr 

— 2A1 2 } 


+ 


^ (^m+l 4“ 2A) 2 (Rm+l 2A) 


< 00 . 


Thus AA < 00 . To consider K 2 in (4.9), note that when r < t < r + 5, the expressions 
(4.8) gives us 

V l r M N (Y N )(t, u) = f V l r ($?- B , s P-)F(s,Y N (s,u;))ds 

J — OO 


rt 


+ / ^_ SjS P-VF(s,Y^(s,u;))V l r Y^(s,u)ds 

J —OO 
r+oo 

- / ^s,s-P + VF(s, Y N (s, ui))V l r Y N (s, u)ds, 


and 


U 


r+oo 

'l +s M N (Y N )(t,u) = / V l r+s (^ s P + )F(s,Y N (s,u))ds 

J r-\-S 

+ f < S}S P-VF(s,Y N (s,u))V l r+s Y N (s,u)ds 
$l §tS P + VF(s,Y N (s,cj))Vl +s Y N (s,u;)ds. 


' —OO 
/* +OO 


Thus 
K 2 = 

< 


p —2A|i| rt 

sup rFj E / \V l r+s M N (Y N )(t, •) - V[M N {Y N ){t , -)| 2 dr 

£E[0,t),(5eR 1^1 Jt—S 


4 e —2A|*| rt 

sup , A | E / . 

££[0,t),<5eR 1^1 Jt—S J — 


V l r $?_ s>s P-F(s,Y N (s,-))ds' 2 

-oo 


dr 


4 e -2A|t| rt 


+ SUp --E 

te[0,r),<5eR l<d 

4 e —2A|t| 

+ sup ———E 

te[o,r),5eR I 0 ! 


/*—<5 


/*+oo 

/ r+(5 
rt 


V L r+s ^_ ls P + F(s,Y"(s,-))ds 


N, 


dr 


[ [ *1 § , s P~VF(s,Y n (s, ■)){V l r+s - V l r )(Y N )(s,-)ds 

Jt—S J—oo 


dr 
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4 g—2A|i| rt r +oc 

+ SU P —nji— E / 

£E[0,t),<5eR 1^1 Jt—S 

7 

sup y ^Qj. 

£E[0,t),(5eR 1 = 4 . 


,P + VP(s, y iV (S, -)){V l r+s - V l r )(Y")(s, •)ds 


rN 


N\ 


dr 


But 


Qa < 


f* g E( j 7 ^ \\V l r <S>y- <s P~\\di) 2 dr 
< 32||F|&||i? i || 2 (l + 2d3 )( )/Xm+1 _ 2A| 2 + |/wi + 2A| 2 ) < °°- 


Similarly, 


Q 5 < 32||F||^||B z || 2 (l + 2d 3 )( ] 


1 1 
+ 


-|/An — 2A| 2 |// m + 2A| 2 

Besides, we have by similar calculations as in Q\ and Q 2 , 


< 00 . 


Q& — g 


2At 32JV 2 ||VF|| 


1 1 

+ 


sup 


|/^m+l| V|/Xm+1 + 4A| 4A| 

p—2A|s| r 

-E / |(P' +5 -P')(r iV )(S,-)| 2 dr<oo, 
it 


JG[0,t),<5gR \S\ 


and 


4 -2A|i| rt 

* - T e L 

< 32e 2Ar A^ 2 ||VF 


/ +00 

<^P+VF(S, y"(S, -))(Pt+5 - ^)(^)(s, -)da 


dr 


+ 


| Am(Am T 4A)| |/tm(/An 4A)| 

e 2A|s| 


■ sup 

sg[o,t),<5gm rl 

< oo. 


E / \(V l r+5 -V l r )(Y N )(s,-)fdr 


Now we have shown that I \2 < 00 . To consider K 3 , note that when r >t, (4.8) gives 

/ +OC 

V l r (^ B P + )F(s,Y N (s,u))ds 


rt 


+ / 4.f_ M P-VF(s,y JV (l, W ))P'y 7V (Fu;)ds 

J —00 

/ +00 

4*£ m P + VP(S, Y n (S, u))V l r Y N (s , u)ds, 


r +00 

M N (Y N )(t,u) = / P' +5 « M P + )P(l,y iV (s,a;))ds 

J r-\-S 


X) l r+6 \aN(vN 


and 
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+ / <&£ S>S P-VF(S, Y^i, a;))P' +5 F JV (s, cu)ds 

< M P + VF(l,Y Ar (J,a;))Pt +5 Y 7V (s, W )dl. 


' —oo 
/*+oo 


Then 

A e —2A|t| r+oo 

K 3 = sup . . E / 
te[0,r),<5eK l°l Jt 


< SU P TFT 
te[0,r),(5eK l°l 

/*+oo 


V l r+5 M N (Y N )(t, •) - V l r M N (Y N )(t, •)\ 2 dr 

3 g—2A|t| r+oo ( rt 


-E 


r+oo r rt 

/ / ^ s P~VF(s,Y N (s,-))(V l r+s -V l r )(Y N )(s,-)ds 

Jt l J —oo 


' r+<5 r 


r+oo 2 

^(1, -))rf5 - / P>^,,P + P(s, y JV (l, 0)dS 


/ +oo 2 'l 

<, ! ,P+VP(I, y"(s, -)){V l r+5 - V l r )(Y N )(s, ■)ds jdr 
10 

sup ^ Qj. 


teR,<5eR 


i=8 


Now it is easy to see that, 


Q 8 


< 


2At 


24iV 2 ||VP| 

|/im+l | 
g—2A|I| 


SUP “Uf 

se[0,r),(5eM l°l 


E 


1 1 \ 

\jtm+l T 4A| l/l-m+1 4A| / 

[ \(V l r+5 -V l r )(Y N )(s r )\ 2 dT<oo, 

Jr 


and 


Qio < 


24e 2AT Y 2 ||VF||^( 1 -—^-— + t- 

e -2A|s| /• 

' SUP I fI E / l( P r+f -Pr)( yAf )(«.-)| 2 ^ < 

se[0,r),<5eK 1° I 4 r 


Similar to Q 2 , 

Q 9 <24iV 2 ||F||^||Pni(l + 2d 3 ) 2 { 

In summary, we have shown that 
e —2A|t| - 


+ 


(/An + 2A) 2 (/i m - 2A) 2 


< 00 . 


sup iTT 

te[o,r),<5eR rl 


E\V l r+s M N (Y N )(t,,-) -V l r M N (Y")(t,-)\' z dr < 00 . 


1 


Thus we could conclude that M N maps C A (M, D 1,2 ) into itself. 

Step 2\ Now we can prove that for each AeN, Ad Ar (C' A (M,T ,1,2 ))|[o ir ) is relatively compact 


in C([0, r), L 2 (0,M rf )). Applying Theorem 4.1 and what we have proved in Step 1, we conclude 
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that that for any sequence {A / ( Ar (/ n )} ne N £ Cy (M, "Z? 1 , 2 )|[o,r )5 there exists a subsequence, still 
denoted by {M N (f n )}neN and V N G C([0, r), L 2 (f2, M d )) such that 

sup E\M N (f n )(t, •) - V N (t, -)| 2 -4 0 (4.10) 

te[0,r) 

as n —> 00 . □ 

Remark 4.8. Note that in Theorem \4-l\ the relative compactness criterion allows us to apply 
L 2 (fl,M rf ))-valued functions only on a finite time interval. But we can push it to the whole real 
line by the random periodicity. 


Proof of Proposition f.2. We prove for any fixed N, M N T> 1 ’ 2 )) is relatively compact in 

Cy~(M, L 2 (fi,M d )). Due to the relative compactness in C([0, r), L 2 (D, M d )), we are able to find a 
subsequence, denoted by from an arbitrary sequence {A4 Ar (y,( v )} ne pj such that 

it will converge to the accumulation point V N , in the norm shown in Eqn. (4.10). Now define 
for any t G [mr, mr + r), 

V N (t,u) = V N ( t — mr, OrnrOj) ■ 

By the construction, we can see as t + r G [(m + 1 )r, (m + 2)r), so 

V N (t + r, to) = V N (t + r - (m + l)r, 0( m+ i) T w) = l/ w (f - mr, 9 mT 9 T oj) = ^(1, 9 t uj). 

Note that 




ANwAh 

J ■ 


With (4.10), the periodic property of M. N (Yfi.), and the probability preserving of 9 mri we obtain 


sup e 

tG[mr,mr+r) 

< sup E| M N (Y n N )(t + mr, •) - V N (t + mr, -)| 2 

te[0,r) J 

= sup E| M N (Y*)(t, e mT .) - V N (t, 9mr-) I 2 
te[ Or) 

= sup E|M Ar (y4)(t,.)-D Ar (t,-)| 2 
te[0,r) 


0, 


Thus 


sup e~ 2A ^E\M. N (Y^){t, •) - V^t, -)| 2 ->• 0, 
te R 

as j —> 00 . Therefore A4 JV (C'^(M, P 1,2 )) is relatively compact in Cy (R, L 2 (D, M rf )). □ 


Theorem 4.9. 

map 7:1x9 


Under the same conditions of Proposition 
-4 satisfying Eqn. (3.5) andY(t + r, to) = Y(t,9 T u ) /or any t G 


f/iere exists a t3(M)®J r -measurable 

and w G 9. 







30 


C.R. Feng, Y. Wu, H.Z. Zhao 


Proof. According to Schauder’s fixed point theorem, JY[ N has a fixed point in C.y(M, L 2 (17, M“)). 
That is to say there exists a solution Y N € C A (M, T 2 (17, M d )) of equation (3.5) such that for any 
t G M, Y N (t + t, uj) = Y N (t,9 T u). Moreover, Y N (t + r, oS) = Y N (t,0 T u>). 


Recall 17 jv as defined in (3.9). As the random variable 

max { sup || 9 s u)P~ ||e _ ^^, sup ||<1>(7, 9 s lu)P + ||e — 2^1*1 


t> o 


t<0 


is tempered from above, it is easy to see that 

P(f2jv) —> 1, as N —> oo. 


Note also that 17 tv is an increasing sequence of sets. Thus Utv17tv = 17 and 17 has the full measure. 
In fact 

17:= iw: supmax{sup||$(7,0 s o;)P"||e-^ |t| - A|s| , sup ||$(t, 9 s Lu)P + \\e-^\ t \-m l < ^ 

l seltt l t> 0 t <0 J 

Therefore it is invariant with respect to 9 S for all s£l. Now we define 

oo 

17^= f| °nr^N. 

n=— oo 

Then it is easy to see that Q* N is invariant with respect to 9 nr for each n. Besides we have 
17(jy C 17^r +1 , which leads to 

OO OO / \ oo oo 

U^ = U fl °nr^N= f| °nr (J^ = fl = f| « = fi, 

N N n=— oo n=— oo \ N / n=— oo n=— oo 

with P(17) = 1. Now we can define Y : 17 x M —> as an combinations of Y/v as follows 



Y ^iXn i + Y 2 xn*\ni + • • • + yivXn* r \nj r _ 1 + ■ ■ ■ • (4-11) 

Thus it is easy to see that Y is B (M) (8> T measurable and satisfies the following property 

Y(t + r,cj) 

= Yi(t + r, w)xq*(w) + Y 2 {t + r, w)xq*\q*(w) H- \-Y N (t + r, w)xn^\n^_ 1 M H- 

= Yi(t,9 T uj)xai(oj) + Y 2 {t,9 T uj)xn*\n* 1 (uj) H-1- Y N (t, 9 T u)xn* N \n* N _ 1 {u) H- 

= Yi(t, 9 T uj)xni(,0 T w) + Y 2 (t, 9 T u)xn*\ni(9 T uj) + ■ ■ ■ + Yjy(t, 9 T uj)xn* N \n* N _ 1 {9 T uj) + ■ ■ • 

= Y(t,0rUi). 


Moreover Y is a fixed point of M. 

We can easily extend Y to the whole 17 as P(l7) 
defined in (4.11). 


1, which is indistinguishable with Y 

□ 
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Remark 4.10. It is easy to see from | f.ll ) that \Y\ < oo P — a.s. Moreover, we don’t know 
whether or not Y G C^(M, L 2 (Q, M d )). However, for each N, Y N G Cy (R, L 2 (fl, M d )). This 
suggests that Y G Cy (M, L 2 (fljv, M d )) /or eac/i IV. That is to say that Y G Cy (R, Lf oc {Q., 


Now we combine the methods introduced in this section and in m to study the following 
stochastic differential equations 

M M 

du = (.Au + F(t, u))dt + dW? + ^ f3 k (t)dW t k , (4.12) 

k =1 k=l 


and 


Y(t,u>) = 


/ t poo 

4>(t — s,9 s uj)P~F(s,Y(s,uj))ds — / 4>(f — s, 9 s cu)P + F(s, Y(s, u))ds 

-OO J t 

M pi M poo 

+ Y, Ht-s,9 s w)p-p k (s)dW k -Yl Ht-s,6 s Lv)P+(5 k (s)dW k . 

k=1 d-oo k =l ■' t 


(4.13) 


In fact, this is only a combination of Eqn. (3.1) we considered already in this section and H33- 
We include the result here as it is needed in the next section. 

Theorem 4.11. Assume that A, F and B k satisfy the same conditions as in Proposition ^. 3\ Let 
hit) = h (i+r) for any i Gl and there exists a constant R\ s.t. ||/3fc(si) — /5fc(s2) || 2 < i2i|si—S 2 1 - 
Then there exists a B (R) <8> P-measurable map Y : R x 17 —> satisfying Eqn. (4.13) and 

Y(t + r, oS) = Y(t, 0 T u) for any t G R and to G 12. 


Proof. We will adopt the same procedure as in proofs of Proposition 4.2 and Theorem 4.9 and 
first show the fixed-point existence of the following mapping, 


M N [Y n ){t,u) 

/ t poo 

$ N (t - s, e s uj)P~F(s, Y n (s, u))ds - $ N (t-s, e s oj)P + F(s, Y N (s, u))ds 

-oo j t 


' —oo 

M pi M poo 

+ J2 / - Y e s uj)P~his)dW k - J2 / & N (t - Y e s u)P + his)dW t 

k=l ''~ co k =1 ^ 


(4.14) 


Here the proof differs from Proposition 4.2 in the Malliavin derivative part only, while all the 
other steps are similar. The Malliavin derivative can be easily computed as follows, 

V l r M N (Y N )(t,u ,) = f X{ r < t} (r)Vi.(^_ a>8 P-)Fi8,Y N (8,uj))ds 

J—oo 


r+oo 


X{r>t } (r)V l r h?_ S ' S P + )F(s, (s, u))ds 


N / 
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+ / $?_ SjS P-VF(s, Y N (a, W ))2?‘ l wv (a, oj)ds 

J — OO 

/ + OO 

< S|S P + VF(a,Y JV (a,u;))P^ JV (a,a;)d S 

M „ r 

k=l J -°° 

M p-\-00 

-E / X{r->i}(OPr(< S ,,P + )A(s)^ 

fe=l • 7r 

+X{r<t}( r ) $ E,rP _ A(r) - X>>(}WC/ + A( r )' 


Actually in the above, we only need to take care of the last four terms. The other terms in (4.14) 
can be dealt with using the same method as in the proof of Proposition 4.2 By Ito isometry, 
Lemma 47 and the property of [3, it is easy to see that 

M 


sup / E 

t£[0,r) JWL 


m /*+oo 

E / X{r>t}(r)V l r ^l StS P+)p k (s)dW, h s 

k= l Jr 


dr < oo, 


and 


sup 

te[0,r) . 


E 


M 

£ 

k=1 • 


X{r<t}(r)V l r ($?_ StS P-)(3 k (s)dW s k 


2 

dr < oo, 


Besides, by the estimate (3.4), we can show for each l E {1, 2, • • • , M}, 


sup / E| X{r<t}( r )®t-r,r P Pli^fdr < OO, 
£E[0,t) JWL 

sup [ E \x{r>t}{r)<&t-v )r p+ Pitrrf dr < oo. 
tE[0,r) JM. 


Also we can show for each l E {1, 2, • • • , M}, 


sup E 
te[o,r),(5eM 14 


V l r+s M(Y N )(t,u) - V l r M(Y")(t, u) 


N\ 


dr < oo. 


To achieve this, we only need to check the following terms, 


sup -*-E 
te[0,r),6eM I "I 

< sup r^E 
te[0,r),5eK 14 


X{r+5<t}{r + S )^_ ir+6)i(r++5) P Pl(r + 6) - X{r<t}(r)^t-r,r P Pi(r) 


N 


dr 


t—S 


4 


r-(r+S),(r++S) P Pl( r + f>) 


dr 


rt 


+ sup —E / 

£E[0,t),<5eR 1^1 J—oo 

3 

+ sup —E / 

££[0,t),<5eR 1^1 J—oo 


(<$>l {r+5Ur++5) P~ - 4>i v _ r , r P-)A(r + 5) 


N 


dr 


<4 


t-(r+5),(r++5) P (A( r + ~~ Pl ( r )) 


dr 
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=: ^ A* < oo, 


i— 1 


and by Lemma 4.7 for each k € {1, 2, • • • , M}, 

rr-\-S 


r e 



X{r + 8<t}{r)V l r+5 {^_s,sP~)^{s)dW k s 


X { r<t}{r)Vl{®t s ,sP-)fa{s)dW k s 


rt-5 


~ H \J -oo 


rr+5 


dr 

2 


K+5(*t-s,sP-)Pk(8)dW$ 


dr 


pt poo 

+E / / V l r+5 {^ s P-)p k {s)dW h s 

J t—S J r-\-S 


dr 


=: Bi + Bo < oo. 

The boundedness of A\ can be derived from the estimate of 4* and boundedness of (3, and A 2 by 


the same way as we dealt with T\ in the proof of Lemma 4.4 As for A 3 , the Lipschitz condition 


of /3 works. The boundedness of B\ and B 2 can be done through the Ito isometry, Lemma 4.6 
and boundedness of (3. 

Then by the same argument as in the proof of Proposition |4.2[ we can prove the existence of 


4.9 


fixed point for Eqn. (4.14). Using the same ’’measurable glue” method in the proof of Theorem 


one can obtain a measurable solution Y of Eqn. (4.13) satisfying Y(t + t,lj) = Y(t,0 T uj) for 
any l£l and □ 


The existence of random periodic solution results obtained in Theorems 4.9 and 4.11 together 
with the ’’equivalence” of random periodic solutions and periodic measure obtained in m, 
implies the existence of periodic measure with respect to the skew product of the random 
dynamical system and metric dynamical system. For this, define /r : M x n x B{R d ) -> [0,1] by 


Then 


and 


^Y(s,d(—s)ui) ■ 
(ds+r)uj = (k's)uj 


(4.15) 


u{t + S, S, e(-s)u)(Hs)oj = (lM+s)o(s)u- 

Define the product space D = D x R d with cr-field J- = T (g> and the skew product 

0 : A x 0 — y Cl by 

Q(t + s, s)(u, x ) = ( 9(t)oj , u(t + s, s , d(-s)uj)x). 

Then for any t\,t 2 £ K + , s £ M, 


0 (t 2 + + s, t\ + s) 0 (ti + s, s) — 0 (ti + t 2 + s, s ). 
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Set p, s : T —> [0,1] has 


p s (dx,du j) = (Hs)u{dx) x P (du). 


(4.16) 


Then p s +r = hr-. and 

0(t + s, s)n s = fit+s, for any t E M + , sGt. 

Thus /i s , s G M is a periodic measure of the skew product 0. We omit the full details here, see 

M- 

5 Applications and examples 


First we consider a simple example of stochastic differential equations with time periodic 
coefficients. 


Example 5.1. Consider 


dX(t ) = —X(t)dt + c cos (f)dt + 10sin ( t)dWt ■ 


(5.1) 


Here c is a constant and W(t ) is a one-dimensional Brownian motion on a probability space 


(Q,)F,P). Applying the result in ffflf or Theorem 4-H in this paper, we can assert that Eqn. 
(5. 1\) has a random periodic solution. In fact, according to the equivalence theorem (Theorem 


2.5), the random periodic solution of (5.1) can be written explicitly as follows 


Y(t ) = f e t+s ccos(s)ds + 10 

J — OO 


= -(cos (t) + sin(t)) + 10 


— t-\-s 


sin(s)dl4 / s 


—t+S 


sin(s)dWs- 


Actually it can be verified by direct simple calculations that Y(t) satisfies definition When 


c = 0, the solution of Eqn. (5.1) is a Ornstein-Uhlenbeck process with white noise of periodic 
coefficient. Similar to the case of time independent case that the dynamical system generated by 
the Orsnstein-Uhlenbeck process has a stationary path and an invariant measure, the example 
suggests that the semiflow generated by the time periodic Orsnstein-Uhlenbeck process has a 
random periodic path and a periodic measure. 

To study a smilar equation with multiplicative noise, let us consider, 


dX(t ) = —X(t)dt + cos (t)dt + 10A'(t) o dWt- (5-2) 

Theorem 
Theorem 

Yft) = j* e -(ts)+wmt)-w(s)) cos ( s ) ds . 

J — OO 


4-11 implies the existence of random periodic solutions to Eqn. (5.2). According to 


3-4. the random periodic solution of Eqn. (5.2) is give explicitly by 
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Figure 1: Random trajectory subject to additive noise 



Figure 2: Random trajectory subject to multiplicative noise 


The numerical simulations of Eqn. (5.1) (taking c = 1) and Eqn. (5.2) displayed by Fig [ ^ 
and Fig\2 ] demonstrate how the random periodic solutions fluctuate around the deterministic 
periodic solution of the noiseless ordinary differential equation ^ X(t) = —X(t) + cos (t) in the 
additive noise case and the multiplicative noise case respectively. 

Secondly, we apply the results of last section to study the following stochastic differential 
equations on R d 


M 


M 


dx = (At + f(x))dt + B^x o dWjf + ^kdWjf. (5-3) 

k=l k=1 

As some B and 7 *, can be zero, so this equation includes the case when the multiplicative noise 
and additive noise are independent, though in both the additive and multiplicative noise terms 
we use the same multidimensional Brownian motions. It is easy to see that under the conditions 

R d 


4.11 


of Theorem 


such that for all w G 11 , (c.f. w 


Eqn. (5.3) generates a cocycle random dynamical system T : R + xQxR d 


'F(t, 9 S oj) of(s,w) =f(t + s, oj), for all t, s > 0. (5.4) 

Here and 0 are the same as before. In this case the skew product 0 is defined as Q(t)(oj, x) = 
(9(t)u}, T(f, uj)x). 

Theorem 5.2. Let A, Bk satisfy the same conditions as in Proposition \j.2\ and the function 
f E C 3 be uniformly bounded with bounded first order derivatives. Assume the deterministic 
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system 




(5.5) 


has a periodic solution z with period r > 0 and z(t) is C 3 in t. Then Eqn. (5.3) has a random 
periodic solution of period r i.e. there exists Y : R x II — > R d such that for any t E R + , s E R, 

^/(t,9(s)u)Y(s,u) =Y(t + s,id), Y(s + t,(jo) = Y(s,9 t uj). (5-6) 


Moreover, the measure fi s given in (4- 16) is a periodic measure of 0, and jJ, = - f ( ( p s ds is an 
invariant measure whose random factorisation has the support { Y(s,8(—s)lu ) : 0 < s < r} 
which is a closed curve. 


Proof. Let 


u(t, s, oj)uq = ty(t — s, 9 (s)u)(uq + z(s )) — z(t), t > s 


withT satisfying Eqn. (5.3). Then u(t) (in short for u(t,s )) satisfies 

M M 

du{t) = ( Au(t ) + f{u(t) + z(t)) - f{z(t)))dt + ^ B k u(t) o dW t k + ^ ~^{B k z{t ) + -ik)dW k , 


k =1 


k =1 


with u(s) = uq. The above equation has a random periodic solution Y by Theorem 4.11 
Eqn. (5.3) has a random periodic solution Y(t,uj) = Y(t,ui) + z{t). In fact for any t > 0, 


so 


0(s)uj)Y(s, uj) = u(t, s,u)(Y(s,u>) — z(s)) + z(t + s) 
= u(t, s,uj)Y(s,lo) + z(t + s) 

— Y(t + s, &) T z(t T s) = Y (t s, cd) , 


and the random periodicity of Y is obvious. The last claim follows from the existence of a 
random periodic solution and the result on periodic and invariant measures in [15] . □ 


In the above theorem, the main assumption is that the deterministic system (when noise 
is switched off) has a periodic solution, the other assumptions are very mild. Many ordinary 
differential equations modeling real world problems arising from biology, chemistry, chemical 
engineering, climate dynamics, economics etc. have periodic solutions. Here we can make the 
function / bounded by a smooth truncation procedure outside a sufficiently large ball mentioned 
in fH] if necessary without changing their local dynamical behavior. Therefore Theorem 5.2 gives 


the existence of random periodic solutions of stochastic differential equations arising from many 
real world applications. 

As a simple, but typical example, we consider a random dynamical system generated by a 
random perturbation to the following ordinary differential equation in M 2 , 


f dyi(t) = -y 2 (t)dt - y!(t)dt + yi(t){2 - yl(t) - y%(t))<j>{yi(t),y 2 (t))dt, 
1 dy 2 (t ) = yi(t)dt - y 2 (t)dt + y 2 (t){2 - yj(t) - y 2 {t))<t>{y\{t),y 2 {t))dt, 
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Figure 3: Random trajectory subject to additive noise 


where <fi is a smooth function such that 


n \ f 1 , when y? + 2/9 < 2 100 , 

<Xyi,2/ 2 )-| 0) wheny 2 + y 2 > 2 101. 

It is not hard to see that the limit cycle of this system is y\ + y\ = 1. 


(5.8) 


Example 5.3. Consider the corresponding stochastic differential equation with additive noise, 


dyi{t) = -y 2 (t)dt - y\{t)dt + yi(t )(2 - y\(t) - yl{t))<j>{yi(t), y 2 (t))dt + lOdWj, 
dy 2 (t) = yi{t)dt - y 2 (t)dt + y 2 (t ){2 - yf(t) - y^(t))4>(y 1 (t),y 2 (t))dt + 10 dWf. 


(5.9) 


We can apply the result in m or Theorem \ 5. 2\ to assert that Eqn. (5..9| ) has a random periodic 
solution. Fig {3] illustrates a numerical simulation of a sample path of the random periodic solu¬ 
tion. illustrates the formulation of the invariant measure. We start at t = 0 with uniform 

distribution on [—2,2] x [—2,2]. Subject to the same random perturbations, all those points be¬ 
gin to move towards a random closed curve simultaneously. In the long run, they evolve into 
a random closed curve, which represents the support of the invariant measure with respect the 
skew product dynamical system as described in Theorem \5.I\ The closed curve moves randomly, 
its law is a periodic measure of the corresponding Markovian semigroup. 


Now we consider the random perturbation of (5.71) subject to multiplicative linear noise, 


dyi(t) = -y 2 {t)dt - yi(t)dt + yi(i)(2 - y\{t) - yl{t))4>{yi{t), y 2 (t))dt + 10yi o dW?, 
dy 2 (t) = yi(t)dt - y 2 (t)dt + y 2 (t)(2 - yj(t) - y%(t))4>(yi(t),y 2 (t))dt + 10y 2 o dWf. 


(5.10) 


Note the commutativity assumption in Theorem \j. 1 1\ is not satisfied. But following Remark \4-S\ 
we can still use the previous result to conclude the Eqn. ( 5.10 ) has a random periodic solution. 
A sample path is given by a numerical simulation in Fig [ 1 Similar phenomena as the formation 
of an invariant measure as demonstrated for Eqn. \5.9 1 ) in FiyjT] can be obtained. The detail is 
omitted here. 
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Figure 4: Random periodic evolution 



| 1 Random Trajectory 1 Limit Cycle | 


Figure 5: Random Trajectory subject to multiplicative linear noise 
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Appendix 


Proof of Lemma \3 .4 (i). It is easy to show that $ satisfies the condition sup log + ||$(t,o;) ±1 || € 


0<t<l 


Zr(fi). So the MET theorem ensures the existence of the random Oseledets splitting 


— E p (lu) © Ep_i(uj ) 


1 E m+ i(u>) • • ■ © E\(uj), 


and the corresponding random projections P±(ui). But if we consider the forward filtration and 
limt^. 00 ($(t,cu)* < h(t, w)) 1 / 2 * := 'h(w), the mutually commutative property of A, A*, B k , and B k 
leads to 


T(w) 


lim exp 

t—> OO 


1 M 

(A + A*) + J2 


k =1 


(B k + B* k )W t k 
2 1 


exp 


A + A* \ 

2 J ' 


Note e^r < e^p -1 • • • < e Mm+1 < 1 < e Mm < • • • < e w are the eigenvalues of exp { A+ 2 A } > and 
Up,-- - , U\ are still the corresponding orthogonal eigenspaces, with multiplicity di := dim U t . 
Dehne V p+ \ := {0}, and for 1 < i < p, i E N, 


V, :— Up © Up—i © ■ • • © Ui. 


(5.11) 


Therefore 

V p C Vp_i C ••• C Vi C ••• C V =R d (5.12) 

defines a forward filtration. 

Now we consider the backward filtration and lim t _ > . 00 (^>(— t, w)*<I>(— t, w)) 1//2i := 'L(cj). Note 

2 v 2 1 

k=l 

Let fii = —/Up + i_j. Then fi p < fi p -\ ■■■ < /2 p +i_ m < 0 < fi p - m < ■ ■ ■ < ft i are the eigenvalues of 
— A+ 2 A ■ Let Up, ■ ■ ■ , Ui be the corresponding eigenspaces, with multiplicity di := dim (7,. Then 
Li = Up+i-i. Dehne V p+ \ := {0}, and for 1 < * < p, i G N, 

V := Up © Up—i ffi • • • ffi Ui = C/i © U 2 © • • • © (5.13) 



'L(a;) = lim exp 
£—>•00 


Therefore 


C Rp_i C 


C C ••• C 'Ll = M d (5.14) 

dehnes the backward hltration. Then we can construct the space E t as the intersection of certain 
spaces from the forward hltration (5.12) and the backward hltration (5.14), 


Ei := Vi n V p+1 -i = Ui 


(5.15) 


Thus the Lyapunov exponents of $ depend on ^ (A + A *) only. This implies that the Oseledets 
spaces are non-random and so are the corresponding projections P . 
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(ii). Note when t < 0, 


P + * exp {(A + A*)t + Ek=i(B k + Bl)W t k } 


P 


+ 


1/2 


< \\P + *exp{(A + A*)t}P^ 


< exp |-(A + A*)tj P + 


«p{^E£, IIBt + Sllll^l} 


1/2 


where ||S|| := ^ max fce { lj2j ... ,m} ||-Bfc + B l\\, n := min{-/z m+1 ,/x m } > 0. Define 
C{oj) := supC^.w) := supe-^H+^i > 1. 

teM teM 


(5.16) 


Now it suffices to check that C(u) is tempered from above. Similarly as in [10], using | W(i+s)| < 
Cs,u + |s| 5 + \t\ S IP — a.s. for some | < 6 < 1, from the iterated logarithm law of Brownian 
motion, we have 

lim — log+ sup C(t, 6 s uj ) = lim — log sup C(t, 0 s uf) 

s->±oo |s| tgK s—s>±oo |s| £ gK 

1 


= lim — suploge 2 ^ t P^k=iW B \W 9 ‘> w t\ 
s->=too |s| ig jj 


M 


M 


< hm n-P -^[ + Ell 5 lll^l + Ja 1 £ll 5 l 

S —^zhoo 5 \ z zJ I a J 


m 


k =1 


k =1 


1 


s —>=too s 


t£ M 


1 


< lim —r sup — -fj,\t\ + M||f?|||f| 


+ sup lim M||S|| —- + sup lim 
teM s -^ 00 |s| (et 


M\\B\\\C 5 , L 


1 


1 


= lim —sup[--n\t\ + M\\B\\\t\ ) = 0, 
s->±oo |s| tgK 


— a.s., 


where the last inequality holds due to the fact that sup tgK (— \fj\t\ + M||i?|| \t\ s ) < oo. This 
together with the fact that 

hm —r log sup C(t, 9 s ui) > 0, 

s->=toc |s| tgR 

leads to that C(u) is a tempered random variable. Similar argument applies to <h(t, 9 s lu)P~. 
Finally by definition of random variable tempered from above, we can easily conclude that 
&(t,6 s Lu)P~ and &(t,8 s u)P + satisfy (3.4). □ 


Proof of Corollary \3.5\ We consider P case only. The estimation for P + case can be derived 
analogously. From Eqn. (3.2) and the definition of P~, it is natural to express the projection 
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:Mx!l4 £(M , E ) as follows, 

{ M 

d$(t,u)P- = A$(t)P~ dt+J2 B k $(t)P~ o dWj, 

k=l 

$(0 ,w)P~ = P~ € C(R d ,E~). 

Then for any t, s G R, by the ergodic property of 9 and Holder’s inequality we have that 


E\\p--$(t,di-)P 

r t M 

= E 


- II 2 


1 0 


M M . t 

A + 2 E BfaijP-dh + J2 / 

k =1 k= 1 Jo 


k 

h+s 


k=1 
M 


M 


i 2 " 2 /■* 2 " rt+s 

< (M + 1) ^ + -J> 2 1*1 / E||^-|| 2 ^ + (M + i)Ell^ll 2 / EH^p-p^ 

fc=l ■'° fe=l 

2 , ' ” ~' 2 


' s 


< 2 M (M + 1) ^2 

where 


+ Eltl llftll 2 ) 1*1 +E"l || Bl p e 2||A|||«| + 2M|| B |P|.|| t |, 


E||3>, ; F“|| 2 d/i < / E||e " +E " 1 B *"'t || 2 <ft < / e 2||J|1 * JJ Ee : 


M 




fc=l 


= 2 M e nA\\h e 2M\\Bfh d 'f l ^ 2 M e 2\\A\\\t\+2M\\B\\ 2 \t\^y 

Jo 


Finally the last inequality can be easily drawn from above. 


□ 


Proof of Theorem \f.l\ According to the generalized Arzela—Ascoli lemma (c.f. H2|), it suffices 
to check the uniform equicontinuity and pointwise relative compactness of v n . First we claim that 
{v n (t, •), n G N} is relatively compact in L 2 (Q) for any fixed t. To achieve this, we decompose 
v n as Wiener-Ito chaos expansions (c.f. [23]), 

oo 

Vn(t,u) = E J m(/r(-,t))(w), (5.17) 

m=0 

where f™(-,t) are symmetric elements in L 2 (M . m ) for each m > 0 and each t G [a,b\. By the 
similar argument in the proof of Theorem 1 in [3], the relative compactness of {u n } ne fsj is reduced 
to the relative compactness of {/™}neN for each finite m G N. 

When m = 0, fjft) = E v n (t), and for any ti,t 2 G [a, b], hypotheses (i) and (ii) imply the 
uniform boundedness of /°, 

sup sup |/°(i)| < sup sup y/E\v n (t) I 2 < sup sup ||u n (-,t)||l i 2 < OO. 

n tE[a,&] n £E[a,6] nEiV t£[a,b] 


Besides, applying Jensen’s inequality gives the uniform equicontinuity of /°, 

sup \f°(h) - fn(t 2 )\ = sup|E(u n (H) - v n (t 2 ))\ < supE|u n (£i) - v n (t 2 )\ 
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< SUp y/E\v n (tl) - V n (t 2 )\ 2 < \J C\t\ - t 2 1. 

n 

So {fn}^=i is relatively compact in C([a,b]) according to the classical Arzela-Ascoli lemma. 

Using a similar argument as in the proof of Theorem 2 in [3] for each m > 1 with the general 
relative compactness criterion (c.f.Theorem 2.32 in [lj), we claim that {/™(-,f)} nS N is relatively 
compact in L 2 (R m ) for each fixed t. To see this, let h = {h \,..., h m ) G R m . It holds that 


cm || 2 
f n 


\\ThC fn ||£,2( R m) 

= / |/™(Ml + hi, ■ ■ ■ ,t m + hm) - ■ ■ ■ ,t m )\ 2 dti ■ ■ -dtm 

m r, 

i; C f ^ / | f n (t , 1 1, , ti— i, ti hi, ti -|_i T /ij+i, • • • , t m T hm) 

1=1 

fn (U U j ' > ti— 1; ti, 1 T /lj+1 j ' ' ' j t m + hm') | ~“dt\ • • • dt n 


< 


< 




2=1 


(m- 1)! 

AE / E l iCC(V" + 

mm! 1 ' y R I ' 


j=l m>l 


dh 


L/e 

m! ./» 


't^r-\-hi'^n{t') V r V n {t) dv 4 f7|/li|, 


where C is a constant depending on m. Moreover, for any e > 0, there exists [a, /3] C M such 
that 

/ — , _ ✓ x , O , 

< e. 


f E\V r v n (t)\ 2 dr 
JM\ \a,f$) 

Let G = [or, /5] X [—1, l] d—1 . Then we have 

/ IC(Ml,-" < C [ \\fn(t,r,t 2 ,--- ,t ^" 2 

J R m \G 


/M\[a,/3] 


m-i\dr 


C 


< — 


e| ^ ml m -i(f™(t,r, •)) 


C 

< — 


m! M[«,/3] 1 “l 

E|TVu n (t)| 2 dr < Ce. 


dr 


171 ■ JR\[a,0\ 


By now it has been showed that t),n G N} is relatively compact in L 2 (R m ) for each finite 

m and fixed t G [a, b\, which is equivalent to {v n (t), n G N} being pointwise relatively compact 
in L 2 (fl) for any fixed t. 

But it is known from hypothesis (ii) that v n are equi-continuous in time. So by generalized 
Arzela-Ascoli Lemma, we conclude that {v n }^ =1 is relatively compact in C([a,b\, L 2 (Q)). □ 
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